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Preface

This book is an expanded version of the 10 CBMS lectures I delivered at Tulane
University in May, 2010.

The main theme of this book is diffusion: from Turing’s “diffusion-driven instabil-
ity” in pattern formation to the interactions between diffusion and spatial heterogeneity in
mathematical ecology. Along the way we will also discuss the effects of different boundary
conditions—in particular, those of Dirichlet and Neumann boundary conditions.

On the dynamics aspect, in Chapters 1 and 2, we will start with the fundamental
question of stabilization of solutions, including the rate of convergence. It seems interesting
to note that the geometry of the underlying domain, although still far from being fully
understood, plays a subtle role here.

It is well known that steady states play important roles in the dynamics of solutions
to parabolic equations. In Chapter 3 we will focus on the qualitative properties of steady
states, in particular, the “shape” of steady states and how it is related to the stability proper-
ties of steady states. This chapter is an updated version of relevant materials that appeared
in an earlier survey article [N3].

In the second half of this book, we will first explore the interactions between diffusion
and spatial heterogeneity, following the interesting theory developed mainly by Cantrell,
Cosner, Lou, and others in mathematical ecology. Here it seems remarkable to note that
even in the classical Lotka–Volterra competition-diffusion systems, the interaction of dif-
fusion and spatial heterogeneity creates surprisingly different phenomena than its homo-
geneous counterpart. This is described in Chapter 4. Finally, in Chapter 5, we include
several models beyond the usual diffusion, namely, various directed movements includ-
ing chemotaxis and cross-diffusion models in population dynamics. This direction seems
significant—from both modeling and mathematical points of view—one step into more so-
phisticated and realistic modeling with challenging and significant mathematical issues. In
this regard, we would like to recommend the recent article [L3] to interested readers for a
more thorough and complete survey.

Diffusion has been used extensively in many disciplines in science to model a wide
variety of phenomena. Here we have included only a small number of models to illustrate
the depth and breadth of the mathematics involved. The selection of the materials included
here depends solely on my taste—not to reflect value judgement. One unfortunate omission
is traveling waves, especially those with curved fronts. Interested readers are referred to
the recent survey article of Taniguchi [Tn].

I wish to take this opportunity to thank the organizer of this CBMS conference, Xue-
feng Wang, my old friend, Morris Kalka, and my colleagues and staffs at Tulane University
for organizing this wonderful conference. I also wish to thank all the participants, some of

xi



xii Preface

whom came from faraway places, including China, Hong Kong, Japan, Korea, and Taiwan.
It is a true pleasure to express my sincere appreciation to the five one-hour speakers, Chris
Cosner, Manuel del Pino, Changfeng Gui, Kening Lu, and Juncheng Wei, for their inspiring
lectures.

The manuscript was finalized when I was visiting Columbus, Ohio during the spring
of 2011. I am grateful to Avner Friedman and Yuan Lou for providing such an ideal working
environment for me to focus on mathematics. Finally, I wish to thank Adrian King-Yeung
Lam for his help during the preparation of the final draft of this book—I have benefited
much through our numerous discussions—and Yuan Lou for his invaluable insights re-
garding some of the materials presented here. This research was supported in part by the
National Science Foundation.



Chapter 1

Introduction: The Heat
Equation

1.1 Bounded Domains
We begin with pure diffusion, namely, the heat equation, on a bounded smooth do-

main {
ut =�u in �× (0,∞),

u(x ,0) = u0(x), x ∈�,

where ut = ∂u
∂t , � = ∑n

i=1
∂2

∂x2
i

is the usual Laplacian, and � is a bounded domain in R
n

with smooth boundary ∂�. Here u(x , t) represents the heat distribution (the temperature)
in � at time t .

Three types of boundary conditions are often considered: the Dirichlet boundary
condition

u = 0 on ∂�,

the Neumann boundary condition

∂νu = 0 on ∂�,

where ν is the unit outward normal on ∂� and ∂ν denotes the directional derivative ∂
∂ν

, and
the third boundary condition

αu +β∂νu = 0 on ∂�,

where α,β > 0 are two constants.

1.1.1 Dirichlet Boundary Condition

In the Dirichlet case⎧⎪⎨⎪⎩
ut =�u in �× (0,∞),

u = 0 on ∂�× (0,∞),

u(x ,0) = u0(x), x ∈�,

(1.1)

1



2 Chapter 1. Introduction: The Heat Equation

it is well known that the solution stabilizes as t becomes large; that is,

u(x , t) → 0 (1.2)

as t → ∞.
We are interested in the fundamental question of how fast the solution stabilizes in

different domains; in other words, how does the convergence rate in (1.2) depend on the
domain�? For instance, if �1 ⊆�2, is the convergence rate in (1.2) faster for �1?

To understand this problem, we start with the eigenvalues of the Laplace operator .
Let (0<)λ1(�)< λ2(�) ≤ ·· · be the eigenvalues of the Dirichlet eigenvalue problem{

�ϕ+λϕ = 0 in �,

ϕ = 0 on ∂�,
(1.3)

and let ϕ1(· ;�),ϕ2(· ;�), . . . be the corresponding normalized eigenfunctions, i.e.,

‖ϕk(· ;�)‖L2(�) = 1.

(When there is no confusion, we will write λk for λk(�) and ϕk for ϕk(· ;�).) Then it is
well known that the solution for (1.1) can be written as

u(x , t) =
∞∑

k=1

〈u0,ϕk〉e−λk tϕk(x), (1.4)

where 〈u0,ϕk〉 denotes the L2-inner product of u0 and ϕk . Therefore, the convergence rate
of u → 0 is determined by the size of λ1(�) in general. It turns out that all of the Dirichlet
eigenvalues λk(�) satisfy the “Domain-Monotonicity Property”:

Domain-Monotonicity Property: λk(�1) ≥ λk(�2) for all k ≥ 1 if �1 ⊆�2.

This implies that the solution u of the heat equation under the homogeneous Dirichlet
boundary condition in (1.1) has the property that u → 0 faster if the domain� is smaller.

1.1.2 Neumann Boundary Condition

For the Neumann problem⎧⎪⎨⎪⎩
ut =�u in �× (0,∞),

∂νu = 0 on ∂�× (0,∞),

u(x ,0) = u0(x), x ∈�,

(1.5)

although the solution also stabilizes as t becomes large, i.e.,

u(x , t) → u0 ≡ 1

|�|
∫
�

u0(x)dx (1.6)

as t → ∞, where |�| denotes the measure of �, the situation for the rate of convergence
in (1.6) is drastically different from its Dirichlet counterpart. To describe the situation,
similarly, we denote by 0 = μ1(�)<μ2(�) ≤ μ3(�) ≤ ·· · the eigenvalues of{

�ψ+μψ = 0 in �,
∂νψ = 0 on ∂�,

(1.7)
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and we denote the corresponding normalized eigenfunction by ψk(· ;�). (Again, we sup-
press � in μk(�) and ψk (· ;�) when there is no confusion.) Then the solution for (1.5)
may be written as

u(x , t) =
∞∑

k=1

〈u0,ψk〉e−μk tψk(x) = u0 +
(∫
�

u0ψ2

)
e−μ2tψ2(x) +·· · . (1.8)

Thus the convergence rate of u → u0 is decided by the size of μ2(�) in general. Differing
from its Dirichlet counterpart, however, even the first positive eigenvalue μ2(�) does not
enjoy the “Domain-Monotonicity Property.”

There are many obvious examples to show that μ2(�1) does not seem to have any
relation withμ2(�2) even if�1 ⊆�2. The following example seems, however, particularly
illuminating. (We refer readers to [NW] for its detailed proof.)

Proposition 1.1 (see [NW, Theorem 2.1]). Let

�a =
{

[ x ∈ R
2 | a < |x |< 1 ] if 0< a < 1,

[ x ∈ R
2 | 1< |x |< a ] if a > 1.

Then μ2(�a) is a strictly decreasing continuous function in a ∈ (0,∞), and

(i) lim
a→0+μ2(�a) = μ2(B1) = lim

a→∞a2μ2(�a), where B1 is the unit disk in R2;

(ii) lim
a→1
μ2(�a) = 1.

In an attempt to understand the phenomena presented in the proposition above, Ni
and Wang [NW] propose the following notion of intrinsic distance and intrinsic diameter
of �.

Definition 1.2.

(i) Let P, Q be two points in �. Then the intrinsic distance between P and Q in � is
defined as

d�(P , Q) = inf{ l(C) | Cis a continuous curve in � connecting P and Q},

where l(C) denotes the arc length of C.

(ii) The intrinsic diameter of � is defined as

D(�) = sup{d�(P , Q) | P , Q ∈�}.
For example, the intrinsic diameter of the annulus�a is the arc length of the minimal

path in �a between two antipodal points on the outer circle. (See Figure 1.1.)
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a 1

aΩ

Figure 1.1.

To a certain extent, D(�) seems to measure the degree of difficulty for diffusion to
average in �. Since D(�a) is an increasing function of a, it seems reasonable to expect
that μ2(�a) decreases as a increases. However, for general domain �, the dependence
of μ2(�) on D(�) is not as simple and clean—other factors, such as the geometry of the
domain�, seem to come into play. For instance, the two domains�1,�2 in Figure 1.2 have
the property that �1 ⊆�2, but yet μ2(�1) can be made arbitrarily small while μ2(�2) can
be made arbitrarily large.

2Ω
1Ω

Figure 1.2.

To make this precise, we first establish the following preliminary result for “thin”
domains under graphs of functions.

Proposition 1.3. Let x2 = f (x1) be a positive continuous function which is piecewise C1

on the interval [−1,1]. Let � f be the domain below the graph of f and above the interval
[−1,1]. Then we have the following:

(i) μ2(�ε f ) is a nonincreasing function of ε > 0.

(ii) lim
ε→0
μ2(�ε f ) = μ∗

2, where μ∗
2 is the first positive eigenvalue of the Sturm–Liouville

eigenvalue problem {
( f (x)u′)′ +μ f (x)u = 0, x ∈ (−1,1),
u′(−1) = 0 = u′(1).

(1.9)

(iii) Any eigenfunction u∗(x) corresponding to μ∗
2 is strictly monotone.
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(iv) For small ε > 0, the eigenspace corresponding to μ2(�ε f ) is one dimensional; and
if f is even, then any eigenfunction uε(x1, x2) corresponding to μ2(�ε f ) is odd in
x1.

(v) Suppose in addition that f is piecewise C2 on [−1,1]. Then any maximum point
xmax
ε and minimum point xmin

ε of uε(x1, x2) converge to the opposite lower corners of
�ε f , i.e., xmax

ε → (±1,0) and xmin
ε → (∓1,0) as ε→ 0.

If f ∈ C3[−1,1], then part (ii) and the first half of part (iv) follow from [HR1, Theo-
rem 4.3 and Proposition 4.9]. However, for our purposes we need to deal with more general
f . We refer readers to [NW] for the detailed proof of Proposition 1.3.

Now we are ready to construct two families of domains; while all of them have
essentially the same intrinsic diameter 2, the μ2 of one family can be arbitrarily small, and
that of the other can be arbitrarily large, as indicated in Figure 1.2.

Proposition 1.4.

(i) If
fk(x) = e−k(1−|x |), x ∈ [−1,1],

then for every fixed c ∈ (0,1), we have

μ2(�ε fk ) = O(e−ck ) as k → ∞
for ε > 0 sufficiently small.

(ii) Let
fk(x) = e−k|x |.

Then, for any k ≥ 1, there exists εk > 0 such that if 0< ε < εk ,

μ2(�ε fk ) ≥ k2 +π2

4
.

Again, see [NW, Section 3] for the proof.
If we restrict our attention to convex domains in R2, more is known. First, note that

if � is convex, then the intrinsic diameter of � equals the diameter of �. Furthermore, it
is known that

π2

D2(�)
≤ μ2(�) ≤ 4 j2

0

D2(�)
, (1.10)

where j0 is the first zero of the Bessel function. It turns out that the estimates in (1.10)
are sharp: The lower bound can be approximated by a sequence of “thin” rectangles with
the width approaching 0, while the upper estimate can be approximated by a sequence of
“thin” rhombuses with the height approaching 0.

The lower bound in (1.10) is due to [PW], and the upper bound is in [BB] by a
probabilistic argument. Here we present a simple analytic proof by Wang [Wa2] inspired
by the arguments in [BB].
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Take P , Q ∈ ∂� with dist(P , Q) = D(�). Let l be the line perpendicular to P Q at
its midpoint. Then l divides� into two parts,�L and�R . Let ηL be the first eigenvalue of
the following problem with mixed boundary condition:⎧⎨⎩ �v+ηv = 0 in �L ,

v = 0 on l ∩�,
∂νv = 0 on ∂�L ∩ ∂�,

(1.11)

i.e.,

ηL = inf

{∫
�L

|∇v|2∫
�L
v2

∣∣∣ v ∈ H1(�L),v = 0 on l ∩�
}

.

Similarly, we define ηR .
First, we claim that

μ2(�) ≤ max{ηL ,ηR }. (1.12)

Let vL and vR be the positive normalized eigenfunctions corresponding to ηL and ηR ,
respectively. Extend vL and vR to the entire � by setting vL ≡ 0 in � \�L and vR ≡ 0 in
�\�R , respectively. Then vL ,vR ∈ H1(�). Choosing constants c1,c2 such that

∫
�(c1vL +

c2vR ) = 0, we have

μ2(�) ≤
∫
�

|∇(c1vL + c2vR )|2∫
�

(c1vL + c2vR)2

= c2
1ηL + c2

2ηR

c2
1 + c2

2

≤ max{ηL ,ηR }

since vL and vR have disjoint supports, and our assertion (1.12) holds.
Next, observe that 4 j2

0/D
2(�) is the first Dirichlet eigenvalue of the ball of radius

D(�)/2 centered at P , B = BD(�)/2(P), and we denote by w the corresponding eigenfunc-
tion, positive and normalized with

∫
Bw

2 = 1. It is well known (e.g., by [GNN1]) that w is
radially symmetric in B and decreasing in r = |x − P|. Setting

w̃(x) =
{
w(x), x ∈�∩ B ,
0, x ∈�\B ,

we see that w̃ ∈ H1(�L) with w̃ = 0 on l ∩�, and therefore

ηL ≤
∫
�L

|∇w̃|2∫
�L
w̃2

=
∫

B∩�L
|∇w|2∫

B∩�L
w2

.

On the other hand, on B ∩�L , we have

�w+ 4
j2
0

D2(�)
w = 0.

Thus

4
j2
0

D2(�)

∫
B∩�L

w2 =
∫

B∩�L

|∇w|2 −
∫
∂(B∩�L )

w∂νw

≥
∫

B∩�L

|∇w|2
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as ∂νw ≤ 0 on ∂(B ∩�L ), since the angle between ∇w and ν is bigger than or equal
to 90◦, by the convexity of �. (See Figure 1.3.) Hence ηL ≤ 4 j2

0/D
2(�). Similarly,

ηR ≤ 4 j2
0/D

2(�) and the upper bound in (1.10) is now established.

RΩLΩ
P

B

ν

w∇

Q

Figure 1.3.

1.1.3 Third Boundary Condition

For the third boundary condition⎧⎪⎨⎪⎩
ut =�u in �× (0,∞),

αu +β∂νu = 0 on ∂�× (0,∞),

u(x ,0) = u0(x), x ∈�,

the situation seems just as complicated as, if not more than, that of the Neumann case (1.5).
Results obtained so far seem still preliminary—a direction worth pursuing.

1.1.4 Lipschitz Domains

Finally, we remark that although the domains in many of the examples mentioned in
this chapter are not smooth domains, all of them are Lipschitz domains. A Lipschitz domain
� can always be approximated by smooth domains �k ,k = 1,2, . . . , with the correspond-
ing eigenvalues μ2(�k) converging to μ2(�). Some discussion in this direction already
existed in [CH, pp. 421-423]; a more general result with rigorous proof is included in [NW,
Appendix]. To make the above discussion precise, we follow [NW].

We will establish that any Lipschitz domain can be approximated by smooth domains
in the sense described below so that μ2 of the smooth domains converges to that of the
Lipschitz domain.

Definition 1.5. We say that a bounded domain � ⊂ R2 is Lipschitz if for each point P ∈
∂�, there exist an open rectangular neighborhood R of P and a continuous and injective
mapping η : R → R2 such that
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(i) both η and η−1 are Lipschitz continuous;

(ii) η(�∩ R) ⊂ {(y1, y2) | y2 > 0}, and η(∂�∩R) ⊂ {(y1, y2) | y2 = 0}.
The pair (R,η) is called a chart. It follows from the above definition that there exist

charts {(Ri ,ηi )}N
i=1 such that

⋃N
i=1 Ri ⊃ ∂�. The family {(Ri ,ηi )}N

i=1 is called an atlas of
∂�. For a small positive δ, let Rδi = {x ∈ Ri | dist(x ,∂Ri )> δ}. Then {(Rδi ,ηi )}N

i=1 is still
an atlas of ∂� if δ is small enough—from now on, we fix such δ.

The other way to define the Lipschitz domain is to require ∂� to be locally the graph
of a Lipschitz function. This is stronger than Definition 1.5. (See [Gd, pp. 7–9] for an ex-
ample of a domain which is Lipschitz in the sense of the above definition, but its boundary
is not the graph of any function near a boundary point.)

Definition 1.6. A sequence of bounded domains {�k} is said to converge to a bounded
Lipschitz domain � if

(i) the characteristic functions χ�k (x) → χ�(x) a.e. on R2 ;

(ii) there exist an atlas {(Ri ,ηi )}N
i=1 of ∂� and mappings Tki : Ri → R2,k = 1,2, . . . , i =

1, . . . , N, such that

(a) each Tki is injective;

(b) Tki and T −1
ki are Lipschitz continuous with their Lipschitz norms bounded by

M, which is independent of k and i;

(c)
⋃N

i=1 Tki (Rδi ) ⊃ ∂�k , Tki (Ri ∩ ∂�) ⊂ ∂�k , Tki (Ri ∩�c
) ⊂�c

k .

Remark 1.7. A condition, stronger than (ii) in Definition 1.6 but intuitively easier to check,
is

(ii′) there exist open rectangles {Ri }N
i=1 such that

(a′) the rectangles cover ∂� and ∂�k ,k = 1,2, . . . ;

(b′) for each i = 1, . . . , N, there exists a Cartesian coordinate system y1, y2 such
that the y1-axis is parallel to one side of Ri , Ri ∩ ∂� and Ri ∩ ∂�k are graphs
of functionsψi (y1) andψki (y1), respectively, and Ri ∩�= {(y1, y2) ∈ Ri | y2 >

ψi (y1)} and Ri ∩�k = {(y1, y2) ∈ Ri | y2 >ψki (y1)};
(c′) ψi (y1) andψki (y1) are Lipschitz continuous functions with their Lipschitz norms

bounded by M ′, which is independent of k and i .

Defining

Tki (y1, y2) = (y1, y2 −ψi (y1) +ψki (y1)), T −1
ki (z1, z2) = (z1, z2 +ψi (z1) −ψki (z1)),

we easily see that (ii′) implies (ii).
The eigenvalue approximation theorem can now be stated as follows. (See [NW,

Proposition 5.4] for a detailed rigorous proof.)

Proposition 1.8. Suppose a sequence {�k}∞k=1 of bounded Lipschitz domains converges to a
bounded Lipschitz domain� in the sense of Definition 1.6. Then limk→∞μ2(�k) =μ2(�).
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1.2 Entire Space Rn

It is well known, by the example due to Tikhonov in 1935, that the Cauchy problem
for the heat equation on Rn has more than one solution in general. To avoid such non-
uniqueness situations, we shall restrict ourselves to the class of bounded functions on Rn

in this section.
Here we again deal with the stabilization question: Consider the Cauchy problem{

ut = ux x in R× (0,∞),

u(x ,0) = u0(x), x ∈ R.
(1.13)

Suppose that u0 is bounded in R. Does the (bounded) solution u(x,t) eventually stabilize?
Work in this direction goes back to as early as [Wi] in 1932. The following criterion

can be found in, e.g., [E] in 1969.

Theorem 1.9. The bounded solution u(x , t) of (1.13) satisfies limt→∞ u(0, t) = 0 if and
only if

lim
R→∞

1

2R

∫ R

−R
u0(y)dy = 0.

Moreover,

lim
t→∞

(
sup
x∈R

|u(x , t)|
)

= 0

if and only if

limsup
R→∞ x∈R

1

2R

∣∣∣∣∫ x+R

x−R
u0(y)dy

∣∣∣∣= 0.

An example, due to [CE], illustrates the situation further.

Example 1.10. Let u0 ∈ C∞(R) be an even function with |u0|L∞ ≤ 1 and

u0(x) = (−1)k for x ∈ [k! + 2k, (k + 1)! − 2k+1].

Then the unique bounded solution u(x , t) of (1.13) satisfies

liminf
t→∞ u(0, t) = −1 and limsup

t→∞
u(0, t) = 1.

For n > 1 and more general parabolic equations, much is also known. The following
result is due to [K].

Theorem 1.11. Let u(x , t) be the bounded solution of the Cauchy problem{
ut = ∑n

i, j=1 ∂xi (ai j (x , t)∂x j u) in Rn × (0,∞),

u(x ,0) = u0(x), x ∈ Rn ,

where u0 is bounded and there exists a positive constant λ such that

1

λ
|ξ |2 ≤

n∑
i, j=1

ai j (x , t)ξiξ j ≤ λ|ξ |2
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for all x ,ξ ∈ R
n , t ≥ 0. Then

lim
t→∞u(x , t) = u∞(x)

exists if and only if

lim
R→∞

1

|BR(x)|
∫

BR(x)
u0(y)dy = u∞(x),

where BR(x) is the ball of radius R centered at x; moreover, u∞(x) ≡ Constant.

We refer readers to [K] for the proof and a more detailed account of the history as
well as other related results of this interesting problem.



Chapter 2

Dynamics of General
Reaction-Diffusion Equations
and Systems

In this chapter we continue to discuss various aspects of stabilization of solutions,
but for general semilinear reaction-diffusion equations or systems. Different from the case
of linear parabolic equations treated in Chapter 1, it is obvious that even with nice, e.g.,
bounded smooth, initial values, solutions of nonlinear equations could blow up at finite
time. Therefore, the fundamental questions we are going to focus on in this chapter are the
following:

(Q1) Do bounded solutions necessarily converge?

(Q2) What necessary traits do steady states have to possess in order to be (locally) stable?

From now on, we will deal mainly with homogeneous Neumann boundary condi-
tions.

2.1 ω-Limit Set
We begin with single semilinear reaction-diffusion equations of the form⎧⎪⎨⎪⎩

ut = d�u + f (x ,u) in �× (0, T ),

∂νu = 0 on ∂�× (0, T ),

u(x ,0) = u0(x), x ∈ �,

(2.1)

where the reaction term f is assumed to have sufficient smoothness, T ∈ (0,∞] gives the
maximal internal of existence in time of the solution u(x , t), and the constant d > 0 denotes
the rate of diffusion.

First, it is well known that the natural “energy” functional associated with (2.1),

J [u](t) =
∫
�

[
d

2
|∇u(x , t)

∣∣2 − F(x ,u(x , t))

]
dx , (2.2)

where F(x ,u) = ∫ u
0 f (x ,s)ds, is always strictly decreasing along a trajectory.

11
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Proposition 2.1. d
dt J [u](t)< 0 for all t ∈ (0, T ), provided that u0 is not a steady state of

(2.1).

Proof. It is straightforward to verify that

d

dt
J [u](t) = −

∫
�

u2
t (x , t) dx ≤ 0.

Thus it only remains to show that if for some t0 ≥ 0, ut (x , t0) ≡ 0 for all x ∈ �, then
ut (x , t) ≡ 0 for all x ∈� and for all t ≥ 0. To achieve this, we consider the following two
cases separately.

(i) t > t0 : Let w(x , t) = u(x , t) − u(x , t0). Then⎧⎪⎨⎪⎩
wt = d�w+ c(x , t)w in �× (t0, T ),

∂νw = 0 on ∂�× (t0, T ),

w(x , t0) = 0, x ∈�,

where

c(x , t) =

⎧⎪⎨⎪⎩
f (x ,u(x , t)) − f (x ,u(x , t0))

u(x1, t) − u(x , t0)
if u(x , t) �= u(x , t0),

∂u f (x ,u(x , t0)) if u(x , t) = u(x , t0),

is a smooth function. Now, the standard Maximum Principle implies that w(x , t) ≡ 0 for
all x ∈� and t ≥ t0.

(ii) 0 ≤ t ≤ t0: This is the “backward uniqueness” for parabolic equations. We pro-
ceed as follows. Setting w(x , t) = u(x , t) − u(x , t0) for x ∈ � and 0 < t < t0, we have
that ⎧⎪⎨⎪⎩

wt = d�w+ c(x , t)w in �× (0, t0),

∂νw = 0 on ∂�× (0, t0),

w(x , t0) = 0, x ∈�,

(2.3)

where again

c(x , t) =

⎧⎪⎨⎪⎩
f (x ,u(x , t)) − f (x ,u(x , t0))

u(x , t) − u(x , t0)
if u(x , t) �= u(x , t0),

∂u f (x ,u(x , t)) if u(x , t) = u(x , t0),

(2.4)

is a smooth function on �× (0, t0].
Suppose for some t1 ∈ (0, t0), w(x , t1) �≡ 0 in �. Then the function

�(t) =
∫
�

|∇w |2 dx∫
�
w2 dx

(2.5)

is well defined in a neighborhood of t1. Set for simplicity d = 1. Straightforward compu-
tation shows that
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�′(t) = −
(

2∫
�
w2

)∫
�

(�w+ cw)(�w+�w) dx

= −
(

2∫
�
w2

)∫
�

[ (�w+�w)2 + cw(�w+�w) ]

≤ 2∫
�w

2

∫
�

1

4
c2w2 ≤ 1

2
C

since ∫
w(�w+�w) = 0,

where C = sup0≤t≤t0 ‖c(·, t)‖2
L∞(�). Thus�(t) must be bounded in [t1, t̃0), where t̃0 ≤ t0 is

the first instance t in (t1, t0] at which w(·, t) ≡ 0 in �. On the other hand,

d

dt

(
ln

1∫
�
w2 dx

)
= 2 �(t) − 2

∫
�

cw2∫
�
w2

≤ 2�(t) + 2‖c(·, t)‖L∞(�).

Hence, the function ln( 1∫
�w

2 dx
) is bounded as long as �(t) remains bounded, which pre-

vents
∫
�w

2 dx from vanishing in (t1, t̃0], contradicting the assumption that w(·, t̃0) ≡ 0 in
�. Thereforew must vanish in �× [0, t0], and our proof is complete. �

Proposition 2.1 plays an important role in understanding the limiting behavior of
solutions of (2.1).

Let u(x , t;u0) be the solution of (2.1) with the initial value u0(x). We define its
ω-limit set as follows:

ω[u0] =
⋂
τ≥0

{u(·, t;u0)
∣∣ t ≥ τ },

where the closure can be taken either in L∞(�) or in C2(�) due to the parabolic regularity
estimates. It is clear that if v ∈ ω[u0] is an isolated element, then ω[u0] = {v}.

Proposition 2.2. Let v ∈ ω[u0]. Then v is a steady state for (2.1).

Proof. Let v ∈ ω[u0]. Then there is a sequence tk → ∞ such that u(·, tk ;u0) → v. By the
continuous dependence on initial values we have, for any t̃ > 0,

u(·, tk + t̃;u0) → u(·, t̃;v).
Hence

J [u(·, tk + t̃;u0)] → J [u(·, t̃;v)].
Since J [u(·, t;u0)] is monotonically decreasing in t by Proposition 2.1, it follows that

J [u(·, t̃;v)] = lim
k→∞ J [u(·, tk + t̃;u0)]

= lim
k→∞ J [u(·, tk ;u0)] = J [v]

for any t̃ > 0. By Proposition 2.1 again, we conclude that v is a steady state. �
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2.2 Dynamics of Single Equations
2.2.1 Stabilization

We now take up questions (Q1) and (Q2) proposed at the beginning of this chapter
for solutions of (2.1).

Note that Proposition 2.1 already excludes the possibility of periodic solutions. How-
ever, it is still remarkable that, in as early as 1968, Zelenyak [Z] studied question (Q1) and
showed that in case n = 1, i.e., when � is a bounded interval in R, bounded solutions of
(2.1) always converge. (The same result was reproduced 10 years later in 1978 by Matano
[Ma1].) For n ≥ 2, question (Q1) was again answered affirmatively by Simon in 1983 [Si]
if f is analytic in u. The C∞-case, however, turns out to be false. There is a considerable
amount of literature in constructing such examples—bounded nonconvergent solutions of
(2.1)—and in understanding such phenomena under various titles as: realizations of vector
fields on invariant manifolds, semilinear heat equations with bounded nonconvergent solu-
tions, trajectories with multidimensional limit sets, existence of chaotic dynamics, etc. We
refer interested readers to the survey [Po]. Here we shall conclude this subsection with two
remarks.

(i) If one allows the reaction term in (2.1) to depend on ∇u as well, then neither Propo-
sition 2.1 nor Proposition 2.2 holds, and the dynamics become very complicated.
More precisely, consider⎧⎪⎨⎪⎩

ut = d�u + f (x ,u,∇u) in �× (0, T ),

∂νu = 0 on ∂�× (0, T ),

u(x ,0) = u0(x) in �.

(2.6)

Then the dynamics of any ODE system can be embedded into the dynamics of (2.6)
for some suitably chosen f (x ,u,∇u); in particular, periodic solutions or even chaotic
behavior can be present. (See [Po].)

(ii) On the other hand, if the reaction term in (2.1) is independent of x, then it is not
known whether there is a bounded nonconvergent solution. More explicitly, consider⎧⎪⎨⎪⎩

ut = d�u + f (u) in �× (0, T ),

∂νu = 0 on ∂�× (0, T ),

u(x ,0) = u0(x) in �.

(2.7)

It is an open problem whether (2.7) has a bounded nonconvergent solution for some
smooth f .

2.2.2 Stability and Linearized Stability

We now turn to question (Q2) to study the stability and instability properties of steady
states.
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Let v be a steady state of (2.1); i.e.,{
d �v+ f (x ,v) = 0 in �,

∂νv = 0 on ∂�.
(2.8)

Definition 2.3. v is stable if for any ε > 0, there exists δ > 0 such that ‖u0 − v‖L∞(�) < δ

implies
‖u(·, t;u0) − v‖L∞(�) < ε

for all t > 0, where u(·, t;u0) is the solution of (2.1).

Definition 2.4. v is asymptotically stable if there exists δ > 0 such that ‖u0 − v‖L∞(�) < δ

implies
lim

t→∞‖u(·, t;u0) − v‖L∞(�) = 0.

We first make a connection between the stability defined above and the linearized
stability at v. The first eigenvalue μ1 of the linearized problem of (2.8) is given by

μ1 = inf

{∫
�

[
d ‖∇ψ‖2 − fu(x ,v)ψ2

]∫
�ψ

2

∣∣∣∣ψ ∈ H1(�) \ {0}
}

(2.9)

and the corresponding normalized eigenfunctionψ1 satisfies{
d�ψ1 + fu(x ,v)ψ1 +μ1ψ1 = 0 in �,
∂νψ1 = 0 on ∂�.

(2.10)

It is well known that μ1 is simple and ψ1 > 0 in �.

Lemma 2.5. If μ1 < 0, then v is unstable.

Proof. Suppose, for contradiction, that v is stable. By the continuity of fu (x , ·), there exists
an ε > 0 small such that

| fu(x ,v(x) + h) − fu(x ,v(x))|< |μ1|
2

(2.11)

for all x ∈� and for all |h|< ε. From Definition 2.3 we can choose an initial value u0 such
that

v(x)< u0(x)< v(x) + δ
for all x ∈�. Then for all t > 0

‖u(·, t;u0) − v‖L∞(�) < ε. (2.12)

Observe that it always holds that u(·, t;u0)> v in � by the Maximum Principle.
Now we set

g(t) =
∫
�

[u(x , t;u0) − v(x)]ψ1(x) dx
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and differentiate

g′(t) =
∫
�

utψ1 dx

=
∫
�

[ d�u + f (x ,u)]ψ1(x) dx

=
∫
�

[
d�(u − v) + ( f (x ,u) − f (x ,v)))

]
ψ1 dx

=
∫
�

(u − v)
[

d�ψ1 + f (x ,u) − f (x ,v)

u − v ψ1

]
dx

=
∫
�

(u − v)
[

f (x ,u) − f (x ,v)

u − v − fu(x ,v) −μ1

]
ψ1 dx

≥ |μ1|
2

g(t)

by (2.11) and (2.12). Therefore

g(t) ≥ g(0)exp

( |μ1|
2

t

)
→ ∞

as t → ∞, a contradiction. �

2.2.3 Stability for Autonomous Equations

The main theorem in this subsection basically says that single “autonomous” reaction-
diffusion equations do not support interesting patterns, at least for convex domains. More
precisely, consider the special case of (2.1), where f does not depend on x explicitly,⎧⎪⎨⎪⎩

ut = d�u + f (u) in �× (0, T ),

∂νu = 0 on ∂�× (0, T ),

u(x ,0) = u0(x) in �,

(2.13)

and let v be a steady state; i.e.,{
d�v+ f (v) = 0 in �,

∂νv = 0 on ∂�.
(2.14)

Then we have the following.

Theorem 2.6. If � is convex and v is stable, then v must be a constant.

In other words, for autonomous equations on convex domains, “stability implies triv-
iality!”

This result is due to Casten and Holland [CaH] in 1977. (Again, Matano [Ma2]
came up with the same theorem later.) The convexity of � is crucial and is needed in the
following lemma.
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Lemma 2.7. Let � be convex, and let w ∈ C2(�) with ∂νw = 0 on ∂�. Then ∂ν |∇w|2 ≤ 0
on ∂�.

Proof. Let P ∈ ∂� be an arbitrary but fixed point. After rotation and translation, we may
assume that P is located at the origin and the boundary ∂� near P may be represented by
xn = ϕ(x ′), where x ′ = (x1, . . . , xn−1) with

∇′ϕ(0) = 〈∂x1ϕ(0), . . . ,∂xn−1ϕ(0)〉 = 0

and the outer normal ν = 〈0, . . . ,0,−1〉. By the convexity of� at 0, the Hessian (∂2
xi x j
ϕ(0))

is nonnegative definite.
Since

ν = 〈∇′ϕ,−1〉
|〈∇′ϕ,−1〉|

on ∂� near 0, we have

0 = ∂w
∂ν

= ∇w · ν =
∑n−1

i=1 (∂xiw · ∂xiϕ− ∂xnw)√∑n−1
j=1(∂x jϕ)2 + 1

.

Hence

∂xnw =
n−1∑
i=1

∂xiw · ∂xiϕ (2.15)

on ∂� near 0, i.e., on (x ′,ϕ(x ′)) for x ′ small. Differentiating (2.15) with respect to x j ,
1 ≤ j ≤ n − 1, we have

∂2
xn x j
w+ ∂2

xn xn
w · ∂x jϕ =

n−1∑
i=1

(∂2
xi x j
w · ∂xiϕ+ ∂2

xi xn
w · ∂x jϕ · ∂xiϕ+ ∂xiw · ∂2

xi x j
ϕ)

on (x ′,ϕ(x ′)) near x ′ = 0. Thus, for 1 ≤ j ≤ n − 1,

∂2
xn x j
w(0) =

n−1∑
i=1

∂xiw(0) · ∂2
xi x j
ϕ(0) (2.16)

since ∇′ϕ(0) = 0. Now

∂ν |∇w|2(0) = −∂xn |∇w|2(0)

= −2

⎡⎣⎛⎝n−1∑
j=1

∂x jw · ∂2
x j xn
w

⎞⎠+ ∂xnw · ∂xn xnw

⎤⎦ (0)

= −2
n−1∑

i, j=1

∂xiw(0) · ∂x jw(0) · ∂2
xi x j
ϕ(0) ≤ 0

by (2.16) and the fact that
∂xnw(0) = −∂νw(0) = 0.
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This completes the proof. �

We are now ready for the following proof.
Proof of Theorem 2.6. Suppose, for contradiction, that v is not a constant. Differentiating
the equation in (2.14), we have

�(∂xkv) + f ′(v)(∂xkv) = 0

in �. Multiplying the equation by ∂xkv and integrating over�, we obtain

0 =
∫
�

[
−∣∣ ∇(∂xkv)

∣∣2 + f ′(v)(∂xkv)
2
]
+ 1

2

∫
∂�

∂ν[(∂xkv)
2].

Summing up over k = 1, . . . ,n, we have

0 =
n∑

k=1

∫ [
−|∇(∂xkv)|2 + f ′(v)(∂xkv)

2
]
+ 1

2

∫
∂�

∂ν[(∂xkv)
2].

Thus

0 ≥
n∑

k=1

∫
�

[
|∇(∂xkv)|2 − f ′(v)(∂xkv)

2
]

by Lemma 2.7. Since ∇v �≡ 0, μ1 ≤ 0. On the other hand, μ1 ≥ 0 by the stability of v and
Lemma 2.5. Therefore, μ1 = 0 and ∂xkv = ckψ1, as μ1 is a simple eigenvalue, where ψ1
is the corresponding first eigenfunction; i.e., ∇v = −→c ψ1, where −→c = 〈c1, . . . ,cn〉. After a
rotation, we may assume −→c = 〈c,0, . . . ,0〉, where c> 0; i.e., v(x) = v(x1), a single variable
function. Now, (2.14) reduces to{

dv′′ + f (v) = 0 in (a,b),

v′(a) = v′(b) = 0,
(2.17)

where� lies between the hyperplanes x1 = a and x1 = b. Since ∂x1v = cψ1 and ∂νψ1 = 0
on ∂�, we have v′′(a) = 0, and thus f (v(a)) = 0 by (2.17). It then follows from the
uniqueness of solutions to initial value problems for ODEs that v ≡ v(a) is the solution,
contradicting our assumption that v is not a constant. Our proof is now complete. �

Remark 2.8. In [Ma2], a stable nonconstant steady state for (2.14) was constructed for a
dumbbell-shaped domain �, which shows that the convexity of � is essential for Theorem
2.6 to hold.

Remark 2.9. For Dirichlet problems, the notion of stability and linearized eigenvalue can
be defined in a similar fashion and the counterpart of Lemma 2.5 can also be obtained in a
similar way. However, the general situation is quite different.

For example, it is easy to show that, via upper- and lower-solution methods, the
Dirichlet problem {

�v+ v p = 0 in �,

v = 0 on ∂�
(2.18)
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has a unique positive stable solution if 0 < p < 1 and has no positive stable solution if
p > 1. Furthermore, it is not hard to show that for general reaction term f (v), stable
solutions of {

�v+ f (v) = 0 in �,

v = 0 on ∂�
(2.19)

must not change sign if � is a ball or an annulus. However, examples of stable solutions
for (2.19) which change sign in � have been constructed even for convex domains [Sw],
[DG].

Finally, we remark that when n = 1, under general Dirichlet boundary conditions,
the stability question has been studied in [Mg].

2.2.4 Stability for Nonautonomous Equations

In spatially inhomogeneous cases, i.e., when f depends on x (as in (2.8)), then The-
orem 2.6 no longer holds. In the work of Nakashima [Na1, Na2], among other things,
stable steady states with transition layers near nondegenerate minimum points of h(x) are
constructed for the inhomogeneous Allen–Cahn equation in one dimension,{

εut = εux x + 1
ε
h2(x)u(1 − u2) in (0,1) × (0,∞),

ux (0, t) = ux (1, t) = 0 in (0,∞),
(2.20)

where h > 0, provided that ε > 0 is sufficiently small. In fact, very precise and complete
results concerning steady states with layers near maximum and/or minimum points of h
are obtained in [Na1, Na2]. More precisely, Nakashima proved in [Na1, Na2] that if h > 0
on [0,1] and nondegenerate at its extremum points, then, for ε > 0 sufficiently small, there
exists a steady state of (2.20) with any (given) number of clustering layers at an arbitrarily
chosen subset of local maximum points of h and a single layer at an arbitrarily chosen
subset of local minimum points of h. Moreover, layer solutions near minimum points of h
are stable, while layer solutions near maximum points of h are unstable. (See Figure 2.1.)
The multidimensional counterpart of these results are also treated by Li and Nakashima
[LNa].

1

1−

0

( )u x

( )h x

x
1

Figure 2.1.

Generalizing Theorem 2.6 to the nonautonomous case in the multidimensional do-
main remains largely open, although progress has been made recently. In [LNN], the fol-
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lowing equation on a ball or an annulus has been considered:{
ut = d�u + h2(x) f (u) in �× (0, T ),

∂νu = 0 on ∂�× (0, T ),
(2.21)

where h is a positive smooth function on �, and T ≤ ∞.

Theorem 2.10. Suppose that n ≥ 2, � = BR (BR1\BR2 , resp.), and h(x) = h(r ), where
r = |x |. Let v be a nonconstant steady state of (2.21).

(i) If v is not radially symmetric, then v is unstable.

(ii) If v is radially symmetric and h satisfies[
rn−1

(
1

rn−1h

)′]′
≥ 0 (2.22)

in BR (BR1\BR2 , resp.), then v is unstable.

Of course the autonomous case h ≡ 1 is included in (2.22). Furthermore, a counterex-
ample of a stable nonconstant radially symmetric steady state of (2.21) was constructed in
[LNN, Proposition 2.1] by using the earlier work of Nakashima [Na2] on (2.20) when the
condition (2.22) is not satisfied.

The strategy in proving Theorem 2.10 is again to produce a negative eigenvalue μ1
for the linearized eigenvalue problem at v, as in Subsection 2.2.2. First, if v is not radial,
then

vθ = (x1∂x2 − x2∂x1 )v �≡ 0

is an eigenfunction corresponding to the 0 eigenvalue in the linearized problem at v. Since
vθ changes sign in �, it cannot be the first eigenfunction, and thus 0 is not the first eigen-
value.

If v is radially symmetric and nonconstant, the conclusion follows from the following
lemma, which is interesting in its own right and will be useful when we deal with systems
later.

Lemma 2.11. Let v be a nonconstant radially symmetric steady state of (2.21) with�= BR
or BR1\BR2 , and let h(x) = h(r ), r = |x |.

(i) If (2.22) holds in �, then there is at least one negative eigenvalue for the linearized
problem at v.

(ii) If h satisfies [
rn−1

(
1

rn−1h

)′]′
≥ n − 1

r2h
(2.23)

in�, then there is at least one negative eigenvalue with multiplicity bigger than 1 for
the linearized problem at v.

The proof involves tedious calculations, and we refer interested readers to [LNN,
Lemma 2.4] for details.
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2.3 Dynamics of 2×2 Systems and Their Shadow Systems
While we have fairly good knowledge of the dynamics of single equations (described

in the previous section of this chapter), our understanding of the dynamics of 2×2 systems
remains limited to this date. The counterparts of Theorems 2.6 and 2.10 are not known, ex-
cept for some very special cases where the nonlinearities in the 2×2 systems have specific
structures, e.g., gradient structure (such as the Ginzburg–Landau system), or skew-gradient
structure (as some very special cases of the Gierer–Meinhardt system). (See, e.g., [JM2],
[Ya], [KW].) Furthermore, most of the known examples have similar conclusions—that is,
“stability implies triviality”—as in the single equations. On the other hand, we already
know that 2×2 systems do allow many striking patterns that are stable. Therefore, instead
of describing those specific examples which allow no stable nontrivial steady states, we
will present general theorems by varying the diffusion rates in 2×2 systems.

In this generality, most of our understanding is limited to autonomous 2×2 systems.
Thus, we shall restrict ourselves mostly to the following autonomous systems in this section
and make remarks on more general (e.g., nonautonomous) systems whenever appropriate:⎧⎪⎨⎪⎩

Ut = d1�U + f (U , V ) in �× (0, T ),

Vt = d2�V + g(U , V ) in �× (0, T ),

∂νU = ∂νV = 0 on ∂�× (0, T ),

(2.24)

where, again, (0, T ) is the maximal interval for existence, T ≤ ∞.
The first result, which is well known, says that for d1,d2 large, bounded solutions of

(2.24) behave roughly like spatially homogeneous solutions, i.e., ODE solutions.

Theorem 2.12. Suppose that R is a bounded invariant region in R2 and ‖∇ f ‖L∞(�),
‖∇g‖L∞(�) ≤ M on R for some constant M > 0. Let the initial value {(U (x ,0), V (x ,0)) | x ∈
�} ⊆ R. If d = min{d1,d2} > 2M/μ2, where μ2 is the first positive eigenvalue of � with
a homogeneous Neumann boundary condition, then there exists a positive constant C> 0
such that for t large

(i) ‖∇xU (·, t)‖L2(�) +‖∇x V (·, t)‖L2(�) ≤ Ce−σ t ;

(ii)
∥∥U (·, t) −U(t)‖L2(�) +‖V (·, t) − V (t)

∥∥
L2(�)

≤ Ce−σ t ,

where σ = dμ2 − 2M, and

U (t) = 1

|�|
∫
�

U (x , t) dx , V (t) = 1

|�|
∫
�

V (x , t) dx

satisfy {
Ut = f (U , V ) + h1(t),

V t = g(U , V ) + h2(t)

with
|h j (t)| ≤ Ce−σ t .

This result is intuitively clear; see, e.g., [Sm, Section 14.D] for a proof.
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However, from the modeling point of view, it seems important and mathematically
more interesting if 2×2 reaction-diffusion systems could support nontrivial (i.e., spatially
inhomogeneous) stable steady states. Indeed, in as early as 1952, Turing [T] already used a
2×2 reaction-diffusion system in his attempt to model the “regeneration” phenomenon of
hydra. The regeneration phenomenon of hydra, first discovered by Trembley [Tr] in 1744,
is one of the earliest examples in morphogenesis. Hydra, an animal of a few millimeters
in length, is made up of approximately 100,000 cells of about 15 different types. It con-
sists of a “head” region located at one end along its length. Typical experiments on hydra
involve removing part of its “head” region and transplanting it to other parts of the body
column. Then, a new “head” will form if and only if the transplanted area is sufficiently far
from the (old) “head.” These observations have led to the assumption of the existence of
two chemical substances—a slowly diffusing (short-range) activator and a rapidly diffusing
(long-range) inhibitor. In 1952, Turing [T] argued, although diffusion is a smoothing and
trivializing process in a system of a single chemical, for systems of two or more chem-
icals, different diffusion rates could force the uniform steady states to become unstable
and lead to nonhomogeneous distributions of such reactants. This is now known as the
“diffusion-driven instability.” Exploring this idea further, in 1972, Gierer and Meinhardt
[GM] proposed the following activator-inhibitor system (already normalized) to model the
above regeneration phenomenon of hydra:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Ut = d1�U −U + U p

V q in �× (0, T ),

τVt = d2�V − V + Ur

V s in �× (0, T ),

∂νU = ∂νV = 0 on ∂�× (0, T ),

U (x ,0) = U0(x) ≥ 0, V (x ,0) = V0(x)> 0 in �,

(2.25)

where the constants τ ,d1,d2, p,q ,r are all positive, s ≥ 0, and

0<
p − 1

q
<

r

s + 1
. (2.26)

Here U represents the density of the slowly diffusing activator which activates both U and
V , and V represents the density of the rapidly diffusing inhibitor which suppresses both U
and V . Therefore, both U and V are positive, and d1 is very small while d2 is very large.
The parameter τ here reflects the response rate of V versus the change of U .

Condition (2.26) is mathematical, under which one can prove easily that the equilib-
rium U ≡ 1 and V ≡ 1 of the corresponding kinetic system (ODEs)⎧⎪⎨⎪⎩

Ut = −U + U
p

V
q ,

τV t = −V + U
r

V
s

(2.27)

is stable if τ < s+1
p−1 . However, once the diffusion terms are introduced with d1 small and

d2 large in (2.25), linearized analysis of (2.25) shows that the equilibrium U ≡ 1 and V ≡ 1
becomes unstable and bifurcations occur; thus “diffusion-driven instability” takes place.

Note that (2.25) does not have variational structure. One way to solve (2.25) is us-
ing the “shadow system” approach due to Keener [Ke] in 1978. More precisely, since d2
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is large, we divide the second equation in (2.25) by d2 and let d2 tend to ∞. It seems
reasonable to expect that, for each fixed t , V tends to a (spatially) harmonic function that
must be a constant by the boundary condition. That is, as d2 → ∞, V tends to a spatially
homogeneous function ξ (t). Thus, integrating the second equation in (2.25) over �, we
reduce (2.25) to the following “shadow system”:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Ut = d1�U −U + U p

ξq in �× (0, T ),

τξt = −ξ + 1

|�|ξ
−s

∫
�

Ur (x , t)dx in (0, T ),

∂νU = 0 on ∂�× (0, T ),

U (x ,0) = U0(x) ≥ 0, ξ (0) = ξ0 > 0 in �.

(2.28)

The “shadow system” (2.28) is presumably easier to analyze, and the wish is that properties
of solutions to the “shadow system” (2.28) reflect that of solutions to the 2×2 system (2.25),
at least for d2 sufficiently large. To a certain extent, this is true, especially in the study of
steady states of (2.25) and (2.28), and we shall address this aspect of the “shadow system”
in the next chapter. Here we focus on the dynamic aspect of this “shadow system” approach.

It turns out, somewhat surprisingly, that even as fundamental as the global existence
(in time, i.e., T = ∞) is concerned, the “shadow system” (2.28) behaves differently from
the 2×2 system (2.25), due to a recent result of [LfN].

To describe the situation, we begin with the global existence of (2.25). Although
(2.25) was proposed in 1972, and progress had been made since then, the global existence
question was largely unsettled until the work of Jiang [J] in 2006.

Theorem 2.13. If p−1
r < 1, then every solution of (2.25) exists for all time t > 0.

While it has been known [LCQ], [LNT] that for p−1
r > 1 even the kinetic system

(2.27) blows up at finite time for suitably chosen initial values (U (0), V (0)), this only leaves
the case p−1

r = 1 still open. However, for the “shadow system” (2.28), much less is un-
derstood. Obviously, the blow-up result for the kinetic system (2.27) carries over to (2.28).
Other than that, we have the following global existence result.

Theorem 2.14. If p−1
r <

2
n+2 , then every solution of (2.28) exists for all t > 0.

Compared to Theorem 2.13, this seems quite modest. It seems natural to ask what the
optimal condition for global existence of (2.28) would be. While we still do not know the
answer, the following result of [LfN] does demonstrate a serious gap between the shadow
system (2.28) and its original 2×2 Gierer–Meinhardt system (2.25).

Theorem 2.15. Suppose that � is the unit ball B1(0) and that p = r ,τ = s + 1 − q, and
0< p−1

r <
q

s+1 < 1. If p−1
r >

2
n ,n ≥ 3, then (2.28) always has finite time blow-up solutions

for suitable choices of initial values U0 and ξ0.

The range
2

n
≥ p − 1

r
≥ 2

n + 2
(2.29)
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remains open. In proving Theorem 2.15, we first reduce the shadow system (2.28) to a
single nonlocal equation by considering special initial values for ξ .

Multiplying the equation for ξ in (2.28) by ξ s−q , we have

(ξ s−q+1)t + ξ s−q = 1

|B1(0)|
∫

B1(0)

U p

ξq dx .

On the other hand, integrating the equation for U in (2.28), we obtain

Ut +U = 1

|B1(0)|
∫

B1(0)

U p

ξq
dx .

Thus
(U − ξ s−q+1)t + (U − ξ s−q+1) = 0.

By choosing the initial value ξ s−q+1
0 = U0, we have ξ s−q+1(t) ≡ U (t) and the shadow

system (2.28) reduces to the following single nonlocal equation:⎧⎪⎪⎨⎪⎪⎩
Ut = d1�U −U + U p

U
q ′ in B1(0) × (0, T ),

∂νU = 0 on ∂B1(0) × (0, T ),

U (x ,0) = U0(x) ≥ 0 in B1(0),

(2.30)

where q ′ = q
s−q+1 . We then use ideas in [HY] to construct a sequence of solutions of (2.30)

with the blow-up times shrinking to 0.

2.4 Stability Properties of General 2×2 Shadow Systems
2.4.1 General Shadow Systems

Shadow systems are intended to serve as an intermediate step between single equa-
tions and 2×2 reaction-diffusion systems. Indeed, the purposes of introducing shadow
systems are

(A) to reflect the behavior of 2 × 2 reaction-diffusion systems when one of the diffusion
rates is large;

(B) to allow richer dynamics than that of single equations.

(A) is largely expected to be true, as it has already been witnessed in many important
examples. However, we must still proceed with great care, as even for fundamental aspects
such as global existence or finite time blow-up, we have seen a remarkable discrepancy in
Section 2.3 between the asymptotic behaviors of the 2×2 systems and their shadow systems
for the Gierer–Meinhardt system (2.25). For (B), it seems that, indeed, shadow systems do
allow richer dynamics, and yet they are not too much more complicated to handle than
single equations. We begin by studying the stability properties of steady states of shadow
systems.

Recall that for general autonomous single reaction-diffusion equations in convex do-
mains, Theorem 2.6 tells us that stable steady states must be constants; in short, “stability
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implies triviality!” Although counterparts of this result to 2×2 reaction-diffusion systems
are yet to be accomplished, it does seem to have a nice extension to general autonomous
shadow systems, at least in one space dimension, i.e., when the underlying domain � is
an interval. In 2001, such a result—“stability implies monotonicity”—was established as a
special case of a general theorem which even applies to time-dependent solutions of general
autonomous shadow systems [NPY].

In 2008, a result for a general (not necessarily autonomous) shadow system, which
completely determines all the linearized eigenvalues at any given steady state (and again
contains the “stability implies monotonicity” result as a special case), was obtained by Li,
Nakashima, and Ni [LNN].

To describe the result and some of its consequences, we begin with the general 2×2
reaction-diffusion system⎧⎪⎨⎪⎩

Ut = d1�U + f (x ,U , V ) in �× (0, T ),

τVt = d2�V + g(x ,U , V ) in �× (0, T ),

∂νU = ∂νV = 0 on ∂�× (0, T ).

(2.31)

As was described in Section 2.3, the arguments reducing (2.25) to (2.28) work equally
well for the general system (2.31). Thus we have formally V (·, t) → ξ (t) as d2 → ∞, and
(2.31) reduces to ⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ut = d1�U + f (x ,U ,ξ ) in �× (0, T ),

τξt = 1

|�|
∫
�

g(x ,U ,ξ )dx for t ∈ (0, T ),

∂νU = 0 on ∂�× (0, T ).

(2.32)

To study the stability properties of steady states of (2.32), we again use linearized
analysis. Let (U (x),ξ ) be a steady state of (2.32). Then the existence of an eigenvalue
λ with a negative real part of the following linearized problem implies the instability of
(U (x),ξ ): ⎧⎪⎪⎪⎨⎪⎪⎪⎩

L0φ+ fξ (x ,U ,ξ )η+λφ = 0 in �,

1

|�|
∫
�

[
gU (x ,U ,ξ )φ+ gξ (x ,U ,ξ )η

]
dx +λη = 0,

∂νφ = 0 on ∂�,

(2.33)

where
L0φ = d�φ+ fU (x ,U ,ξ )φ.

It seems natural to consider the following closely related eigenvalue problem:{
L0ψ +μψ = 0 in �,

∂νψ = 0 on ∂�.
(2.34)

We denote by μ1 <μ2 ≤ ·· · the eigenvalues of (2.34) and by ψ1,ψ2, . . . the corresponding
normalized eigenfunctions; i.e.,

〈ψi ,ψ j 〉 = 1

|�|
∫
�

ψiψ j dx =
{

0 if i �= j ,
1 if i = j .
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Our main result here completely determines all the eigenvalues of (2.33).

Theorem 2.16. The set of all eigenvalues of (2.33) consists of the union of three sets
E1 ∪ E2 ∪ E3, where

E1 = {μi | μi is a multiple eigenvalue of (2.34)},
E2 = {μ j | μ j is a simple eigenvalue of (2.34) and a j b j = 0},

and

E3 =
{
λ �= μk for all k

∣∣∣∣ τλ=
∞∑

k=1

akbk

λ−μk
−〈1, gξ (x ,U ,ξ ) 〉

}
with ak = 〈 fξ (x ,U ,ξ ),ψk 〉, bk = 〈gU (x ,U ,ξ ),ψk 〉.

The following result is a consequence of the above theorem.

Corollary 2.17. Suppose that f is independent of x and (U ,ξ ) is a nonconstant steady
state of (2.32). If � is convex, then (U ,ξ ) is unstable for all τ large.

In particular, Corollary 2.17 implies that in the autonomous case if ξ responds suf-
ficiently slowly to the change of U , i.e., τ is sufficiently large, then shadow systems can
never stabilize a nonconstant steady state in a convex domain. Note that in the autonomous
case no condition is assumed for the reaction terms f and g in Corollary 2.17.

Another interesting consequence of Theorem 2.16 is the counterpart of Theorem 2.10
for shadow systems.

Theorem 2.18. Let n ≥ 2,� = BR (BR1\BR2 , resp.), f (x ,U ,ξ ) = h2(x) f̂ (U ,ξ ), with
h(x) = h(r )> 0, where r = |x |, and let (U ,ξ ) be a nonconstant radially symmetric steady
state of (2.32). If h satisfies [

rn−1
(

1

rn−1h

)′]′
≥ n − 1

r2h

in �, then (U ,ξ ) is unstable.

In particular, for general autonomous shadow systems, where h ≡ 1, Theorem 2.18
applies and we have the following.

Corollary 2.19. Let n ≥ 2, and let � be a ball BR(0) or an annulus BR1\BR2 . No radially
symmetric nontrivial steady states of the shadow system⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ut = d1�U + f (U ,ξ ) in �× (0, T ),

τξt = 1

|�|
∫
�

g(U ,ξ )dx in (0, T ),

∂νU = 0 on ∂�× (0, T )

(2.35)

can be stable.
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For nonautonomous shadow systems, the counterpart of Corollary 2.19 is of course
false. A class of such examples is constructed in Proposition 3.3 in [LNN]. (See Example
3.2 in [LNN].)

Incidentally, we ought to remark that for n = 1, the “stability implied monotonic-
ity" result established for steady states of general autonomous shadow systems in [NPY]
also follows from Theorem 2.16 as a corollary. For, in the autonomous case, if U is
not monotone, it must be k-symmetric for some integer k ≥ 2. Then a j = b j = 0 for
all j = 2, 3, . . . ,k and the linearized eigenvalues (all being simple) have the property that
μ1 < · · ·< μk < 0. (See [NPY, Section 2] for details.)

Once again, using the complete classification of all linearized eigenvalues, Theorem
2.16, a counterexample in the nonautonomous case for the “stability implies monotonicity”
is included in [LNN, Example 3.1, p. 271].

It should have become clear by now that Theorem 2.16 is also very useful in con-
structing examples. We will conclude this subsection by mentioning two more examples.

First, a shadow system does not necessarily help stabilizing solutions. In fact, a
shadow system could destabilize a stable steady state of its corresponding single equation.

Proposition 2.20. Let Ũ (x) be a solution of{
d�U + f (x ,U ) = 0 in �,
∂νU = 0 on ∂�,

with its linearized eigenvalues 0 < μ1 ≤ μ2 ≤ ·· · ; i.e., Ũ is stable. Then, for any fixed
C1 function g and any τ > 0, there exists K0 such that for K > K0, (Ũ ,ξ0) is an unstable
steady state of ⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ut = d�U + f (x ,U ) + ξ− ξ0 in �× (0, T ),

τξt = 1

|�|
∫
�

(g(U ) + K ξ )dx in (0, T ),

∂νU = 0 on ∂�× (0, T ),

where ξ0 = − 1
K

1
|�|

∫
�

g(Ũ )dx.

See [LNN, Proposition 4.1] for its proof.
Our last example seems curious. Comparing shadow systems to single equations,

we may expect that the extra nonlocal equation could help eliminate a one-dimensional
unstable manifold at a steady state. Indeed, this is often the case. On the other hand,
it also seems intuitively reasonable not to expect shadow systems to be able to stabilize
steady states with multidimensional unstable manifolds. This, however, turns out to be
false. We refer interested readers to Section 4 of [LNN] for the detailed construction of an
autonomous shadow system in one space dimension, i.e., n = 1, which stabilizes a steady
state of its corresponding single equation with two negative eigenvalues.

In this connection, we ought to remark that, at least for n = 1, it is not difficult to see
that autonomous shadow systems can never “stabilize” steady states with three-dimensional
unstable manifolds, i.e., steady states of the corresponding single equations with at least
three negative eigenvalues (counting multiplicities).
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2.4.2 An Activator-Inhibitor System

In this subsection we wish to return to the original example—the shadow system for
the Gierer–Meinhardt system, (2.28) and (2.25).

First, we will describe a stable steady state with a striking pattern, namely, a single
spike on the boundary of �, for the shadow system (2.28) when d1 is small:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Ut = ε2�U −U + U p

ξq in �× (0, T ),

τξt = −ξ + 1

|�|ξ s

∫
�

Ur dx in (0, T ),

∂νU = 0 on ∂�× (0, T ).

(2.36)

It is not difficult to see that, after rescaling the small parameter ε > 0, a steady state (U ,ξ )
of (2.36) gives rise to a solution of the following elliptic equation:{

ε2�u − u + u p = 0 in �,
∂νu = 0 on ∂�.

(2.37)

Notice that although the original Gierer–Meinhardt system does not have variational
structure, equation (2.37) does have an “energy” functional on H1(�),

Jε(u) = 1

2

∫
�

(ε2|∇u|2 + u2) dx − 1

p + 1

∫
�

u p
+dx , (2.38)

where u+ = max{u,0}. Here we assume that 1 < p < n+2
n−2 . Although “energy” func-

tional Jε(u) is neither bounded from above nor bounded from below, it does have a positive
minimum on the set of all positive solutions of (2.37); in fact, the following constrained
minimum is assumed [NT2]:

Jε(uε) = min
u∈W

Jε(u), (2.39)

where
W = {u ∈ H1(�) |u ≥ 0,u �= 0, Iε(u) = 0} (2.40)

with

Iε(u) =
∫
�

(ε2|∇u|2 + u2) −
∫
�

u p+1. (2.41)

(Observe that W contains all positive solutions of (2.37).) It turns out that the minimizer
uε ∈ W is a positive solution of (2.37) and therefore will be referred to as a least-energy
solution of (2.37). Some of the striking features of uε are summarized in the following
theorem, which is due to Ni and Takagi from about 20 years ago [NT2, NT3].

Theorem 2.21 (see [NT2, NT3]). Suppose that 1 < p < n+2
n−2 . Then for every ε > 0 small

(2.37) has a least-energy solution uε with the following properties:

(i) uε > 0 on � and uε has a unique local (thus global) maximum point Pε on �.
Furthermore, Pε ∈ ∂� and

H (Pε) → max
P∈∂�H (P) as ε→ 0,

where H denotes the mean curvature of ∂�. In other words, Pε is located near the
“most curved” part of the boundary ∂�.
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(ii) uε(Pε) → w(0) as ε→ 0, where w is the unique positive solution of the following
problem on the entire R

n:⎧⎪⎨⎪⎩
�w−w+wp = 0 in Rn ,

w > 0 in Rn ,

w(0) = maxRn w, w→ 0, at ∞.

(2.42)

In fact, the profile of the “spike” is also determined to the first order of ε in [NT3].
We will give a more detailed description of uε in Chapter 3, together with much further
development in this important direction.

With this least-energy solution uε of (2.37), we obtain easily a corresponding steady
state solution (Uε,ξε) for the shadow system (2.36),

Uε = ξ
q

p−1
ε uε , ξε =

(
1

|�|
∫
�

uε

)− 1
α

, (2.43)

where
α = qr

p − 1
− (s + 1)> 0.

Various stability and instability properties of (Uε,ξε) are studied in [NTY2]. Among other
things, the following stability result holds.

Theorem 2.22. Suppose that r = p + 1 and 1 < p < n+2
n−2 . Then, for α /∈ C, where C

is a certain finite (possibly empty) subset of (0, qr
p−1 − 1), we have that all the linearized

eigenvalues of (2.36) at (Uε, ξε) are contained in the set

{λ ∈ C |Re λ < 0 or λ= 0},
provided that τ > 0 is sufficiently small. In particular,

(i) if the maximum point Pε approaches a nondegenerate maximum point of the bound-
ary mean curvature function H (P), then 0 is not in the linearized spectrum and
(Uε, ξε) is asymptotically stable;

(ii) if � is a ball or an annulus in R2, then 0 is a linearized eigenvalue, but (Uε, ξε) is
still asymptotically stable.

(See Theorem B and Proposition 4.2 in [NTY2] for the detailed proofs.) Thus, the
shadow system (2.36) does support stable steady states with a single spike.

On the other hand, in 2007, Miyamoto [My] proved the following theorem, comple-
menting the above result.

Theorem 2.23. Suppose that r = p + 1 and �= BR(0) in R
2. If (U ,ξ ) is a stable steady

state of (2.36), then the maximum (minimum) of U is attained at exactly one point on ∂�,
and U has no critical point in (the interior of) �.

Note that in the theorem above, Miyamoto does not need to assume that the diffusion
rate ε2 of U is small.
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Combining Theorems 2.22 and 2.23, we see that in case � is a ball in R
2 and r =

p +1, only single boundary spike-layer steady states for (2.36) could be stable, and under
appropriate conditions, those single boundary spike-layer steady states are indeed stable!



Chapter 3

Qualitative Properties of
Steady States of
Reaction-Diffusion Equations
and Systems

Steady states often play important roles in the study of parabolic equations and sys-
tems. Although systematic studies only essentially started in the late 1970s, this area has
experienced a vast development in the last 30 years. One of the main purposes of this chap-
ter is to introduce some of the relevant results, especially those simple, fundamental, and
related to the diffusion rates and/or different boundary conditions, to the interested readers.

Systematic studies of qualitative properties of solutions to general nonlinear elliptic
equations or systems essentially began in the late 1970s, although some nonlinear elliptic
equations (such as the Lane–Emden equation in astrophysics [Ch]) actually go back to the
19th century. It should be noted, however, that earlier works in this direction on linear
elliptic equations, such as symmetrization or nodal properties of eigenfunctions, have had
their consequences in nonlinear equations. (See, e.g., [PS], [Ch].)

Symmetry remains an important topic in modern theory of nonlinear PDEs. In partic-
ular, it is now understood how different boundary conditions may influence the symmetry
properties of positive solutions in domains with symmetries. First, solutions of boundary-
value problems are very different from solutions on entire space. Moreover, solutions to
Neumann boundary-value problems exhibit behavior drastically different from their Dirich-
let counterparts. For instance, it is known [GNN1] that all positive solutions of the Dirichlet
problem {

d�u + f (u) = 0 in BR(0),

u = 0 on ∂BR(0),

where f is a locally Lipschitz continuous function and BR(0) is the ball of radius R cen-
tered at the origin 0, must be radially symmetric, regardless of the diffusion rate d . On
the other hand, it was proved in [NT2] that for the diffusion rate d sufficiently small the
Neumann problem {

d�u − u + u p = 0 in BR(0),

∂νu = 0 on ∂BR(0),

where 1 < p < n+2
n−2 (= ∞ if n = 2), possesses a positive solution ud with a unique max-

imum point located on the boundary ∂BR(0). Thus, this solution ud cannot possibly be
radially symmetric. In fact, for d large, u ≡ 1 is the only positive solution, and the num-

31
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ber of positive nonradial solutions of the Neumann problem above tends to ∞ as d tends
to 0. Furthermore, while it has been known for decades that symmetrization reduces the
“energy” of positive solutions for Dirichlet problems, it can be shown that symmetrization
actually increases the “energy" of the solution ud above. (Here, by “energy” we mean the
variational integral ∫

BR(0)

[
1

2

(
d |∇u|2 + u2

)
− 1

p + 1
u p+1

]
.

Note that, since symmetrization does not alter integrals involving u, only the Dirichlet
integral ∫

BR(0)
|∇u|2

gets changed after symmetrization.) In other words, the most “stable” solutions to the Neu-
mann problem above must not be radially symmetric—a remarkable difference between
Neumann and Dirichlet boundary conditions. In fact, solutions to Neumann problems also
possess some restricted symmetry properties—they seem to be more subtle. (See Section
3.3.) Generally speaking, Dirichlet boundary conditions are far more rigid and imposing
than Neumann boundary conditions, as is already indicated by the above discussions. This
is also true for general bounded smooth domains� in R

n .
Symmetry properties of solutions to elliptic equations on entire space (or unbounded

domains) clearly require appropriate conditions at ∞. It seems that the simplest result in
this direction is that all positive solutions of the problem{

�u + f (u) = 0 in Rn ,

u → 0 at ∞
must be radially symmetric (up to a translation), provided that f ′(0) < 0. (See [GNN2],
[LiN], or Theorem 3.15 below.) The case f ′(0) = 0 turns out to be far more complicated.
Roughly speaking, to guarantee radial symmetry in this case, additional hypotheses on
suitable decay of solutions are needed unless f ′(s) ≤ 0 for all sufficiently small s > 0. (See
Theorem 3.15.) Symmetries and related properties, such as monotonicity, are discussed in
Section 3.3.

In a different but very important direction, significant progress has been made in the
past 20 years in understanding the “shape” of solutions, in particular, the “concentration”
behavior of solutions to nonlinear elliptic equations and systems. More precisely, posi-
tive solutions concentrating near isolated points, i.e., spike-layer solutions (or, single- and
multipeak solutions), and the locations of these points (determined by the geometry of the
underlying domains) have been obtained for both Dirichlet and Neumann boundary-value
problems. For instance, as was mentioned in the previous chapter, for ε small, a “least-
energy solution” of the Neumann problem⎧⎪⎨⎪⎩

ε2�u − u + u p = 0 in �,

u > 0 in �,

∂νu = 0 on ∂�,

(3.1)

where 1 < p < n+2
n−2 (= ∞ if n = 2), must have its only (local and thus global) maximum

point (in �) located on ∂� and near the most “curved” part of ∂�. (See [NT2, NT3] or
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Theorem 3.3. Here, the “curvedness” is measured by the mean curvature of ∂�.) On the
other hand, a “least-energy solution” of the Dirichlet problem⎧⎪⎨⎪⎩

ε2�u − u + u p = 0 in �,

u > 0 in �,

u = 0 on ∂�,

(3.2)

where 1 < p < n+2
n−2 (= ∞ if n = 2), must have its only (local and thus global) maximum

point (in �) located near a “center” of the domain �. (See [NWe] or Theorem 3.4.) Here
a “center” is defined as a point in � which is most distant from ∂�.) Furthermore, the
“profiles” of these least-energy solutions for both (3.1) and (3.2) have been determined in
[NT2, NT3] and [NWe]. There has been a huge amount of literature on those spike-layer
solutions published since the papers [NT2, NT3] first appeared in the early 1990s, and
many interesting and excellent results have been obtained. For example, the locations of
multiple interior peaks to a solution of (3.1), for ε small, are determined by the “sphere-
packing” property of the domain �. (See [GW1] or Theorem 3.5.) Those solutions often
represent pattern formation in various branches of sciences. In Sections 3.1 and 3.2, we
shall describe the recent progress in this direction as well as some models leading to those
solutions. (We will, for instance, include the Gierer–Meinhardt system mentioned in the
previous chapter.) Furthermore, positive solutions concentrating on multidimensional sub-
sets (instead of isolated points which are zero dimensional) of the underlying domains will
also be discussed in Section 3.1, although advance in this direction has been rather limited
so far.

The “shape” of solutions of elliptic equations or systems turns out to be closely re-
lated to the stability properties of those solutions. As we have seen, stability properties
are crucial to our understanding of the entire dynamics of the original evolution problems.
Roughly speaking, the “general principle” here seems to be that the “simpler the shape” of
a solution, the “more stable” it tends to be. (See Chapter 2 for more detailed discussions.)
Therefore, it seems that efforts in understanding the “shape” of steady states are necessary,
and, hopefully, readers will agree that efforts in this direction are rewarding.

Finally, we remark that we shall consider only “autonomous” equations and systems
(i.e., no explicit dependence in spatial variables appearing in the equations and systems)
in this chapter. Remarks concerning various generalizations are included at appropriate
places; see, e.g., Subsections 3.1.4 and 3.3.6. However, it is important to point out that
spatial heterogeneity, when interacting with diffusions, could produce extremely interesting
phenomena. We shall discuss those in Chapters 4 and 5.

3.1 Concentrations of Solutions: Single Equations
One of the greatest advances in the theory of PDEs is the recent progress on the

studies of concentration behaviors of solutions to elliptic equations and systems. It is re-
markable to see that similar, and in many cases independent, results have been obtained
concerning these striking behaviors in various models from different areas of science.
These include activator-inhibitor systems in modeling the regeneration phenomenon of hy-
dra, Ginzburg–Landau systems in superconductivity, nonlinear Schrödinger equations, the
Gray–Scott model, the Lotka–Volterra competition system with cross-diffusions, and oth-
ers. In this and the next sections, we shall include descriptions of some of these systems
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from their backgrounds to the significance of the mathematical results obtained. Com-
parisons of results under different boundary conditions also will be made to illustrate the
importance of boundary effects on the behaviors of solutions.

3.1.1 Spike-Layer Solutions in Elliptic Boundary-Value Problems

We have indicated in the introduction that the Neumann boundary condition is far
less restrictive than the Dirichlet boundary condition. Consequently, Neumann boundary-
value problems tend to allow more solutions with more interesting behaviors than their
Dirichlet counterparts. However, it is interesting to note that systematic studies of nonlinear
Neumann problems seem to have a much shorter history.

Studies of nonlinear Neumann problems are often motivated by models in pattern
formation in physical or biological sciences. One of the more well-known examples is
Turing’s “diffusion-driven instability,” which led to the Gierer–Meinhardt system (2.25) in
modeling the regeneration phenomenon in hydra, described in Section 2.3. In particular,
one is led to seeking “spike-layer” solutions of (3.1). (See (2.37) in Section 2.4.) Here
we shall give a more systematic introduction of (3.1), along with (3.2), for comparison
purposes.

Recall briefly that in 1952, Turing [T] proposed the ingenious idea of “diffusion-
driven instability,” which says that for systems of two or more chemicals, different diffusion
rates could force the uniform steady states to become unstable and lead to nonhomogeneous
distributions of such reactants. Exploring this idea further, in 1972, Gierer and Meinhardt
[GM] proposed the following activator-inhibitor system (already normalized) to model the
regeneration phenomenon of hydra:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ut = d1�U −U + U p

V q in �× (0, T ),

τVt = d2�V − V + Ur

V s in �× (0, T ),

∂νU = ∂νV = 0 on ∂�× (0, T ),

(3.3)

where the constants τ , d1, d2, p, q , r are all positive, s ≥ 0, and

0<
p − 1

q
<

r

s + 1
. (3.4)

(See Section 2.3 for a more detailed description.) Here U represents the density of the
slowly diffusing activator which activates both U and V , and V represents the density of
the rapidly diffusing inhibitor which suppresses both U and V . Therefore, both U and V
are positive, and d1 is very small while d2 is very large. The parameter τ here reflects the
response rate of V versus the change of U .

One way to solve (3.3) is using the “shadow system” approach. More precisely, since
d2 is large, we divide the second equation in (3.3) by d2 and let d2 tend to ∞. It seems
reasonable to expect that, for each fixed t , V tends to a (spatially) harmonic function that
must be a constant by the boundary condition. That is, as d2 → ∞, V tends to a spatially
homogeneous function ξ (t). Thus, integrating the second equation in (3.3) over �, we
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reduce (3.3) to the following “shadow system”:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Ut = d1�U −U + U p

ξq in �× (0, T ),

τξt = −ξ + 1

|�|ξ
−s

∫
�

Ur (x , t)dx in (0, T ),

∂νU = 0 on ∂�× (0, T ),

(3.5)

where |�| denotes the measure of �. Although the above reduction can be verified rigor-
ously in some cases [NT1], we must point out that it is more important to solve (3.3) via
solutions of (3.5). It turns out that the steady states of (3.5) and their stability properties are
closely related to those of the original system (3.3) and that the study of the steady states
of (3.5) essentially reduces to that of the following single equation (by a suitable scaling
argument): ⎧⎪⎨⎪⎩

ε2�u − u + u p = 0 in �,

u > 0 in �,

∂νu = 0 on ∂�.

(3.1)

In the case n = 1, a lot of work has been done by Takagi [Ta]. For n ≥ 2, the situation
becomes far more interesting. The pioneering works [NT1, NT2, NT3], [LNT] produced
a single-peak spike-layer solution uε of (3.1) in 1993. Furthermore, steady states of the
shadow system (3.5) as well as the original system (3.3) have been constructed from uε—
at least for small d1 and large d2—and their stability properties have been investigated
[NT4], [NTY1, NTY2].

It seems illuminating to “solve” (3.1) as well as its Dirichlet counterpart side by side,⎧⎪⎨⎪⎩
ε2�u − u + u p = 0 in �,

u > 0 in �,

u = 0 on ∂�,

(3.2)

and compare the qualitative properties of the solutions.
For (3.1), first and foremost, we mention that the diffusion coefficient ε2 is important

in the existence as well as the “shapes” of its nontrivial solutions.

Theorem 3.1. Suppose that 1 < p < n+2
n−2 (= ∞ when n = 2). Then u ≡ 1 is the only

solution of (3.1) for ε large.

This result is due to [LNT]. The conclusion is intuitively clear once an a priori bound
independent of the diffusion rate ε, for the L∞ norms of the solutions, is obtained.

As we will see later in this section, as ε decreases to 0, the number of solutions of
(3.1) tends to ∞ and the pattern of the solutions also becomes more and more sophisticated.

On the other hand, the story for the Dirichlet problem (3.2) is very different. It is
well known that the following result holds.

Theorem 3.2. Suppose that 1< p< n+2
n−2 (= ∞when n = 2). Then (3.2) always possesses

a solution, regardless of the size of ε. Furthermore, for p ≥ n+2
n−2 , (3.2) has no solution if �

is star-shaped.
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The existence part of Theorem 3.2 can be obtained by a standard variational approach—
either constrained minimization or the Mountain-Pass lemma. The nonexistence for star-
shaped domains follows from the well-known Rellich–Pohozaev identity.

Two more remarks for (3.2) are in order. First, the number of solutions of (3.2) seems
small in general and does not seem to depend on the diffusion rate ε2. For instance, when
� is a ball, (3.2) has a unique solution (for 1 < p < n+2

n−2 ) for every ε > 0. Second, the
“shapes” of solutions of (3.2) also seem rather simple, as we shall see next.

One common feature of (3.1) and (3.2) is that both problems exhibit “concentration”
phenomena for ε small. More precisely, both (3.1) and (3.2) possess single-peak spike-
layer solutions for ε small.

We shall first describe how the existence of a single-peak spike-layer solution is
established and then discuss the location and the profile of this single peak. Since the
equation in (3.1) and (3.2) is “autonomous” (i.e., no explicit spatial dependence in the
equation), the location of the spike must be determined by the geometry of �. We would
like to call the reader’s attention to see exactly how the geometry of � enters the picture
in each of the problems (3.1) and (3.2) separately and to compare the effects of different
boundary conditions on the location of the peak.

For ε small, (3.1) and (3.2) are singular perturbation problems. However, the tradi-
tional method in applied mathematics, using inner and outer expansions, simply does not
apply here, because a spike-layer solution of (3.1) or (3.2) is exponentially small away from
its peaks.

In the rest of the section, we will always assume that 1 < p < n+2
n−2 if n ≥ 3, and

1< p <∞ if n = 1,2. We first define the “energy” functional in H1(�)

Jε,N (u) = 1

2

∫
�

(
ε2|∇u |2 + u2

)
− 1

p + 1

∫
�

u p+1
+ , (3.6)

where u+ = max{u,0}. It is standard to check that a critical point corresponding to a posi-
tive critical value of Jε,N is a classical solution of (3.1). Similarly, we define the “energy”
functional in H 0

1 (�)

Jε,D(u) = 1

2

∫
�

(
ε2|∇u |2 + u2

)
− 1

p + 1

∫
�

u p+1
+ (3.7)

and observe that a critical point corresponding to a positive critical value of Jε,D is a clas-
sical solution of (3.2). Our first step appears to be nothing unusual; namely, we shall use
the well-known Mountain-Pass lemma to guarantee that each of Jε,N and Jε,D has a pos-
itive critical value. However, in order to use this variational formulation to obtain useful
information later, our formulation of the Mountain-Pass lemma follows Ding and Ni [DN]
and deviates from the usual one. (See Subsection 3.1.4.) More precisely, setting

cε,N = inf

{
max
t≥0

Jε,N (tv)

∣∣∣∣v ≥ 0, �≡ 0 in H1(�)

}
(3.8)

and

cε,D = inf

{
max
t≥0

Jε,D(tv)

∣∣∣∣v ≥ 0, �≡ 0 in H 0
1 (�)

}
, (3.9)

we show that cε,N is a positive critical value of Jε,N , thus giving rise to a solution uε,N of
(3.1); and similarly we show that cε,D is a positive critical value of Jε,D, thus giving rise
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to a solution uε,D of (3.2). Our main task here is to prove that both uε,N and uε,D exhibit
a single spike-layer behavior, and we are going to determine the locations as well as the
profiles of the spike layer of uε,N and uε,D.

Roughly speaking, both uε,N and uε,D can have one “peak” (i.e., a local maximum
point in �), denoted by Pε,N and Pε,D , respectively, and must tend to 0 everywhere else.
Moreover, Pε,N must lie on the boundary ∂� and tend to the “most-curved” part of ∂�,
while Pε,D must tend to the “most-centered” part of � in the interior as ε tends to 0. As
for the profiles of uε,N and uε,D , again, roughly speaking, uε,D is approximately a “scaled”
version of w near Pε,D, where w is the unique solution of⎧⎪⎨⎪⎩

�w−w+wp = 0 in Rn ,

w > 0 in Rn , w→ 0 at ∞,

w(0) = max w,

(3.10)

while uε,N is approximately a “scaled” and “deformed” version of “half” of w. To make
those descriptions precise, we start with uε,N .

Theorem 3.3. For each ε sufficiently small, the solution uε,N has exactly one local (thus
global) maximum point in �̄ and it is achieved at exactly one point Pε,N in �̄. Moreover,
uε,N has the following properties:

(i) As ε→ 0 the translated solution uε( · + Pε,N ) → 0 except at 0, and uε,N (Pε , N) →
w(0), where w is the unique solution of (3.10).

(ii) Pε,N ∈ ∂� and H (Pε,N ) → maxP∈∂� H (P) as ε→ 0, where H denotes the mean
curvature of ∂�.

(iii) Through rotation and translation we may suppose that Pε,N is the origin and near
Pε,N the boundary ∂� = {(x ′, xn)

∣∣xn = ψε(x ′)} and � = {(x ′, xn)
∣∣xn > ψε(x ′)},

where x ′ = (x1, . . . , xn−1), and ψε(0) = 0, ∇ψε(0) = 0. Then the diffeomorphism
x =�ε (̃x) = (�ε,1(̃x), . . . ,�ε,n (̃x)) defined by

�ε, j (̃x) =
{

x̃ j − x̃n
∂ψε
∂x j

(̃x ′) for j = 1, . . . ,n − 1,

x̃n +ψε (̃x ′) for j = n

flattens the boundary ∂� near Pε,N , and

uε,N (�ε(εy)) =w(y) + εφ(y) + o(ε), (3.11)

where x̃ = εy and φ is the unique solution of⎧⎪⎪⎨⎪⎪⎩
�φ−φ+ pwp−1φ

+ 2|yn|∑n−1
i, j=1 ψε,i j

∂2w
∂yi∂y j

−αε(sgn yn) ∂w
∂yn

= 0 in Rn ,

φ(y) → 0 as y → ∞, and
∫
Rn φ

∂w
∂y j

= 0 for j = 1, . . . ,n,

(3.12)

with ψε,i j = ∂2ψε
∂xi∂x j

(0),αε =�ψε(0).
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Note that (3.11) gives the profile of uε,N up to the second order, and it can be proved
that φ actually decays exponentially near ∞. The detailed proof of Theorem 3.3 may be
found in [NT2, NT3].

We now turn to the Dirichlet case. To describe our results, first we need to introduce
some notation. For a bounded smooth domain �̃ in R

n , we let P�̃w be the solution of the
linear problem {

�v− v+wp = 0 in �̃,

v = 0 on ∂�̃,
(3.13)

where w is the unique solution of (3.10). Now, set

z = x − Pε,D
ε

and �ε = {z ∈ Rn
∣∣x = Pε,D + εz ∈�}, where Pε,D (to be determined) is the unique peak

of uε,D as is stated in Theorem 3.4. Since eventually we will show the scaled version of
P�εw is a very good approximation of uε, we need to study the difference between w and
P�εw, that is, the function ϕε ≡w−P�εw, which satisfies{

�ϕε−ϕε = 0 in �ε,
ϕε =w on ∂�ε.

(3.14)

The quantity ϕε is extremely small, and it turns out that the “correct” order of the dif-
ference ω−P�εω (for our purposes) is the logarithmic of ϕ−ε

ε , i.e., the function δε(x) =
−ε logϕε(z), which satisfies a nonlinear equation instead:⎧⎨⎩ ε�δε−|∇δε|2 + 1 = 0 in �,

δε(x) = −ε logw
(

x−Pε,D
ε

)
on ∂�.

(3.15)

Finally, we enlarge ϕε to Vε(z) = e
1
ε δε(Pε,D)ϕε(z). It is clear that Vε satisfies{
�Vε− Vε = 0 in �,

Vε(0) = 1.

We are now ready to state our main results for the Dirichlet problem (3.2).

Theorem 3.4. For each ε sufficiently small, the solution uε,D has exactly one local (thus
global) maximum in � and it is achieved at exactly one point Pε,D in �. Moreover, uε,D
has the following properties:

(i) As ε→ 0 the translated solution uε,D( · + Pε,D) → 0 except at 0, and uε,D(Pε,D) →
w(0), where w is the unique solution of (3.10).

(ii) d(Pε,D,∂�) → maxP∈� d(P ,∂�) as ε→ 0, where d denotes the usual distance func-
tion.

(iii) For every sequence εk → 0, there is a subsequence εki → 0 such that for ε = εki it
holds that

uε,D(x) = P�εw(z) + e− 1
ε δε(Pε,D )φε(z) + o

(
e− 1

e δε(Pε,D)
)

, (3.16)
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where δε(Pε, D) → 2maxP∈� d(P ,∂�), and
∥∥e−μ|z|(φε−φ0)

∥∥
L∞(Rn) → 0 with 1>

μ>max{0,2 − p},φ0 being a solution of

(�− 1 + pwp−1)φ0 = pwp−1V0 in R
n ,

and V0 being the pointwise limit of Vε, ε = εki .

Several remarks are in order. First, comparing Theorems 3.3 and 3.4, we see that
part (i) of Theorems 3.3 and 3.4, respectively, shows that each of the solutions uε,N and
uε,D possesses a single-peak spike-layer structure, and part (ii) of Theorems 3.3 and 3.4,
respectively, also, locates the peak of uε,N and of uε,D . It is interesting to note that al-

though intuitively, by the exponential decay of w, a scaled w (i.e., w( x−Pε,D
ε

)) which is
truncated near ∂� seems to be an excellent approximation for uε,D, part (iii) of Theorem

3.4 indicates that the function P�εw( x−Pε,D
ε

) is actually a better approximation for uε,D.
This is quite delicate since the error terms induced by these two approximations are both
of exponentially small order and are very close. In fact, this observation turns out to be
crucial in pushing our method through for the Dirichlet case (3.2).

We now describe our method of proofs. In both cases (3.1) and (3.2), the most im-
portant idea is to obtain an estimate for cε,N and cε,D, respectively, which is sufficiently
accurate to reflect the influence of the geometry of the domain�. More precisely, both the
zeroth-order approximation for cε,N and that for cε,D depend only on the unique solutionw
(and its energy) of (3.10). The geometry of the domain�, namely, the boundary mean cur-
vature H (Pε,N ) at Pε,N in the Neumann case and the distance d(Pε,D,∂�) in the Dirichlet
case, enters the first-order approximation of cε,N and cε,D. To be explicit, we have

cε,N = εn
{

1

2
J (w) − (n − 1)γN H (Pε,N )ε+ o(ε)

}
(3.17)

and
cε,D = εn

{
J (w) + e− 1

ε δε (Pε,D)γD + o
(

e− 1
ε δε(Pε,D )

)}
, (3.18)

where γN and γD are positive constants independent of ε, and

J (w) = 1

2

∫
Rn

(
|∇w|2 +w2

)
− 1

p + 1

∫
Rn
wp+1. (3.19)

Observe that part (ii) of Theorems 3.3 and 3.4 follows from (3.17) and (3.18), respectively,
together with some useful upper bounds of cε,N and cε,D. However, to obtain (3.17) and
(3.18), one must first establish part (iii) of Theorems 3.3 and 3.4, respectively, namely, the
profiles of uε,N and uε,D (i.e., (3.11) and (3.16)). This turns out to rely heavily on some
preliminary versions of (3.17) and (3.18). The proofs are indeed very involved, and we
refer readers to the papers [NT2, NT3] and [NWe] for the full details. One interesting
component in our proof of Theorem 3.4 is that the limit of δε turns out to be a “viscosity”
solution of the Hamilton–Jacobi equation

|∇δ| = 1 in �,

which gives rise to the distance d(Pε,D,∂�). This also seems to indicate that although the
function φε (or Vε) satisfies a simple linear elliptic equation while δε satisfies a nonlinear
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one, the “correct” order of the error (w−P�εw) is far more important than the form of the
equation it satisfies.

It turns out that the Neumann problem (3.1) also has a single-interior-peak spike-
layer solution which is very close to the solution obtained in Theorem 3.4 (for the Dirichlet
case (3.4)). We refer interested readers to [W2] or the next section.

Theorems 3.3 and 3.4 establish the existence of single-peak spike-layer solutions of
(3.1) and (3.2), respectively. One natural question is, Are there other single-peak spike-
layer solutions of (3.1) or (3.2)? And, if there are, where are the locations of their peaks?

For boundary spikes of the Neumann problem (3.1), Wei showed that if uε is a solu-
tion of (3.1) which has a single boundary peak Pε , then, as ε→ 0, by passing to a subse-
quence if necessary, Pε must tend to a critical point of the boundary mean curvature. On
the other hand, for each nondegenerate critical point P0 of the boundary mean curvature,
one can always construct, for every ε > 0 small, a solution of (3.1) which has exactly one
peak at Pε ∈ ∂� such that Pε → P0 as ε→ 0. (See [W1] for details.)

For interior spikes of the Neumann problem (3.1), it is established in [GPW] that
(by passing to a subsequence if necessary) the single peak Pε of a solution of (3.1) must
tend to a critical point of the distance function d(P ,∂�). Conversely, again with additional
hypotheses on � and a nondegeneracy condition on a critical point P0 ∈ � of d(P ,∂�),
one can construct, for every ε > 0 small, a solution of (3.1) which has exactly one peak at
Pε ∈� such that Pε → P0 as ε→ 0. (See [W2] for details.)

The counterparts of the above results for the Dirichlet case (3.2) are, however, not
settled. Progress has been made in [W4].

3.1.2 Multipeak Spike-Layer Solutions in Elliptic Boundary-Value
Problems

A vast amount of literature on (3.1) has been produced since the publication of [NT3]
in 1993. Much progress has been made, and fascinating results concerning multipeak spike-
layer solutions have been obtained. We will include only the most recent and complete
results here. Again, in this section we shall always assume that 1< p < n+2

n−2 in (3.1).
An “ideal” result for multipeak spike-layer solutions to (3.1) would read as follows.

Conjecture. For any given nonnegative integers k and �, (3.1) always possesses a mul-
tipeak spike-layer solution with exactly k interior-peaks and � boundary peaks, provided
that ε is sufficiently small.

The conjecture has almost been proved in this generality. In [GW2], this conjecture
is established with some minor conditions imposed on the domain �. The main difficulty
here comes from the fact the “error” in the boundary-peak case is algebraic (as shown in
(3.11) and (3.17)), while the “error” in the interior-peak case is transcendental (as indicated
in (3.16) or (3.18)). To overcome this, a delicate argument was devised in [GW2] to handle
the gap in the error, but only under additional technical assumptions on �.

On the other hand, if we are to treat interior peaks and boundary peaks separately,
definitive results are possible. For the case of interior peaks, the following result was
obtained in [GW1].
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Theorem 3.5. Given any positive integer k, for every ε sufficiently small, (3.1) always
possesses a multipeak spike-layer solution with exactly k interior peaks. Furthermore, as
ε→ 0, the k peaks converge to a maximum point of the function

ϕ(P1, . . . , Pk) = min

{
d(Pi ,∂�),

1

2
|P�− Pm |

∣∣∣∣ i ,�,m = 1, . . . ,k

}
, (3.20)

where P1, . . . , Pk ∈�.

Intuitively speaking, a maximum point (Q1, . . . , Qk) of the function ϕ in (3.20) cor-
responds to the centers of k disjoint balls of equal size packed in � (i.e., contained in �)
with the largest possible diameter. Such a maximum point certainly exists, although it may
not be unique.

The method of the proof is still variational; however, with the help of the Lyapunov–
Schmidt reduction, the original “global” variational approach has now evolved into a pow-
erful “localized” version. To illustrate the basic idea involved here, it seems best that we
treat only the simplest case k = 1.

This “localized” energy method is semiconstructive. The strategy is simple: First, we
construct an approximate solution in the sense of Lyapunov–Schmidt with its peak located
at a prescribed point P ∈ �. Then we perturb this point P and find a critical point of the
corresponding “energy” of this approximate solution, which gives rise to an interior-peak
spike-layer solution of (3.1).

To carry out this strategy, we let w be the solution of (3.10), as before, and, for any
given point P = (P1, . . . , Pn) in �, let Pε,Pw be the solution of{

�v− v+wp = 0 in �ε,P ,

∂νv = 0 on ∂�ε,P ,

where �ε,P = {z ∈ Rn
∣∣x = P + εz ∈�}. Now solve

uε,P = Pε,Pw+ψε,P , (3.21)

with ψε,P ∈ K ⊥
ε,P , where

Kε,P = span

{
∂Pε,Pw
∂Pj

∣∣∣∣ j = 1, . . . ,n

}
, (3.22)

and ψε,P is C1 in P , �uε,P − uε,P + u p
ε,P ∈ Kε,P , and

∥∥ψε,P∥∥H2(�ε,P ) ≤ C exp

[
−C

ε
d(P ,∂�)

]
. (3.23)

Next, we define

�ε(P) = Jε(uε,P ) = Jε(Pε,Pw+ψε,P). (3.24)

It is not hard to see that a maximum point Pε of �ε , i.e.,

�ε(Pε) = max
P∈��ε(P), (3.25)
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gives a solution uε = Pε,Pεw+ψε,Pε of (3.1) because

�uε− uε+ u p
ε =

n∑
j=1

α j
∂Pε,Pεw
∂Pj

(3.26)

for some α1, . . . ,αn ∈ R. From (3.25) and (3.26) it follows that

0 = �ε(P)

∂Pk

∣∣∣∣
P=Pε

= J ′
ε(uε)

∂uε
∂Pk

=
n∑

j=1

α j

∫
�ε,Pε

∂Pε,Pεw
∂Pj

∂(Pε,Pεw+ψε,Pε )
∂Pk

=
n∑

j=1

akjα j ,
(3.27)

where the matrix (akj ) is defined by the last equality. Due to the cancellation property of
the integral ∫

�ε,Pε

∂Pε,Pεw
∂Pj

∂Pε,Pεw
∂Pk

= 0, k �= j , (3.28)

and (3.23), we see that akk is much larger than akj, k �= j . Consequently, det(akj ) �= 0.
Therefore, α j = 0, j = 1, . . . ,n, and the proof is complete. This method generalizes to
arbitrary k > 1.

For the case of boundary peaks, the situation becomes more interesting. The follow-
ing result is obtained in [GWW].

Theorem 3.6. Given any positive integer k, (3.1) always possesses a multipeak spike-layer
solution with exactly k boundary peaks, provided that ε is sufficiently small. Furthermore,
as ε→ 0, the k peaks Qε1, . . . , Qεk have the following property:

H (Qεj ) → min
P∈∂�H (P),

where H denotes the mean curvature of ∂�.

Comparing the above result to Theorem 3.3, we see a very interesting difference in
the location of the peaks: Theorem 3.3 guarantees the existence of a single boundary peak
near a maximum of the boundary mean curvature, while Theorem 3.6 implies the existence
of an arbitrary number of boundary peaks near a minimum of the boundary mean curvature.
Whether (3.1) has a spike-layer solution with exactly k boundary peaks near a maximum
of the boundary mean curvature, for a prescribed positive integer k, remains an interesting
open question.

The proof uses basically the same approach as that of Theorem 3.5. The detailed
computations are, of course, quite different. We refer interested readers to [GWW] for
details.

In [GW1], [GPW], it is also proved that if P1
ε , . . . , Pk

ε in � are the locations of the
k (interior) peaks of a solution to (3.1), then, by passing to a subsequence if necessary,
P1
ε , . . . , Pk

ε must tend to a critical point of ϕ in (3.20).
We see that we have acquired a fairly good understanding of spike-layer solutions of

(3.1), although there are still major questions left open. On the other hand, our knowledge
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of solutions of (3.1) with multidimensional concentration sets is very limited at this time.
In the next section we shall report some progress in that direction.

To conclude this section we remark that the existence of multipeak spike-layer solu-
tions for the Dirichlet problem (3.2) is, in general, not possible. For instance, when � is a
ball, [GNN1] implied that solutions of (3.2) must be radially symmetric and thus (3.2) can
have only single-peak solutions. This result is extended to strictly convex domains by Wei
[W2]. Therefore, the existence of multipeak spike-layer solutions for the Dirichlet problem
(3.2) is drastically different from its counterpart of the Neumann case (3.1) and generally
depends on the geometry of �.

3.1.3 Solutions with Multidimensional Concentration Sets

A spike-layer solution (discussed earlier) has the property that its “energy” or “mass”
concentrates near isolated points (i.e., its peaks) in �, which are zero dimensional. There-
fore we view a spike-layer solution as a solution with a zero-dimensional concentration set.
Similarly, solutions which are small everywhere except near a curve or curves are regarded
as solutions with one-dimensional concentration sets. Generalizing in this manner, we can
define solutions with k-dimensional concentration sets.

The following conjecture has been around for quite some time.

Conjecture. Given any integer 0 ≤ k ≤ n − 1, there exists pk ∈ (1,∞] such that for 1 <
p < pk, (3.1) possesses a solution with k-dimensional concentration set, provided that ε is
sufficiently small. (See, for instance, [N2].)

Progress in this direction has been made only very recently. In [MM1, MM2] the
above conjecture was established for a sequence of ε→ 0 in the case k = n − 1 with the
boundary ∂� (or, part of ∂�) being the concentration set.

Theorem 3.7. Let � ⊆ Rn be a bounded smooth domain, and let p > 1. Then, for any
component� of ∂�, there exists a sequence εm → 0 such that (3.1) possesses a solution uεm
for ε = εm and uεm concentrates at �; i.e., uεm → 0 away from � and uεm (εm(x − x0)) →
w(x · ν0) near x0 ∈ �, where ν0 is the unit inner normal to � at x0 and w is the solution of
(3.10) with n = 1.

Note that in Theorem 3.7, no upper bound is imposed on p. The proof is very inter-
esting, though technical, and we shall give only a very brief outline. The first crucial step
is to construct a “good” approximate solution ũε. Then, a detailed analysis of the second
differential J ′′

ε,N (̃uε), where Jε,N is defined in (3.6), is essential for using the contraction
mapping argument to obtain the solution uε near ũε. In the second step it is observed that
the Morse index of ũε tends to ∞ as ε→ 0, and thus the invertibility of J ′′

ε,N (̃uε) is guar-
anteed only along a sequence εm → 0. Similar to the proofs earlier, the construction of
approximate solutions here is crucial, and is delicate and interesting. Roughly speaking,
it is natural to use the one-dimensional solution of (3.10) as a candidate for approximate
solution. This turns out to be inadequate. In [MM1], (3.10) was replaced by{

w′′ −w+wp = −λw′ in (0,∞),

w′(0) =w(∞) = 0 and w > 0,
(3.29)
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where λ is related to the mean curvature of the boundary of �ε = 1
ε
� (which tends to 0 as

ε→ 0).
A natural question would be whether (3.1) admits any solutions which concentrate

on “interior” curves, and if there are such solutions, how the locations of these “interior”
curves are determined. Even at the formal level, these are difficult questions. To this date,
progress has been made only in very special cases.

In [AMN3], the following result was established.

Theorem 3.8. Let � be the unit ball B1 in Rn. Then, for every p > 1 and ε small, (3.1)
possesses a radial solution uε concentrating at |x | = rε for which 1 − rε ∼ ε| logε|.

(Here we use the notation “ f ∼ g” to denote that as ε → 0, the quotient f/g is
bounded from above and below by two positive constants.) Note that again we do not
impose any upper bound on p here.

We remark that the solution guaranteed by Theorem 3.8 is different from the one in
Theorem 3.7, as the maximum of the solution in Theorem 3.7 takes place on the boundary,
while the maximum of the solution in Theorem 3.8 lies in the interior of �. In fact, it is
possible to construct a solution of (3.1) which concentrates on a cluster of spheres.

Theorem 3.9 (see [MNW]). Let � be the unit ball B1 in Rn and N be a given positive in-
teger. Then, for every p > 1 and ε small, (3.1) possesses a radial solution uε concentrating
on N spheres |x | = rε, j , j = 1, . . . , N, where 1−rε,1 ∼ ε| logε| and rε, j −rε, j+1 ∼ ε| logε|
for j = 1, . . . , N − 1.

Since the basic ideas involved in Theorems 3.8 and 3.9 are similar, we shall confine
our discussions in the rest of this section to Theorem 3.8 for the sake of simplicity.

It is obvious that (3.2)—the Dirichlet counterpart of (3.1)—does not admit any so-
lutions other than a single-peak solution in case � is a ball, as is guaranteed by [GNN1].
Nevertheless, Theorem 3.8 gives us a good opportunity to compare Dirichlet and Neumann
boundary conditions. To illustrate the ideas involved, it seems best to discuss a slightly
more general equation,

ε2�u − V (|x |)u + u p = 0 and u > 0 in B1, (3.30)

under the boundary conditions

∂νu = 0 on ∂� (3.31)

or

u = 0 on ∂�, (3.32)

where V is a radial potential bounded by two positive constants. In fact, the relevant quan-
tity turns out to be

M(r ) = rn−1V θ (r ), θ = p + 1

p − 1
− 1

2
, (3.33)

and Theorem 3.8 is a special case of the following result [AMN3].
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Theorem 3.10.

(i) If M ′(1)> 0, then for every p > 1 and ε small, the problem (3.30), (3.31) possesses
a solution uε concentrating at |x | = rε , where 1 − rε ∼ ε| logε|.

(ii) If M ′(1)< 0, then for every p > 1 and ε small, the problem (3.30), (3.32) possesses
a solution uε concentrating at |x | = rε , where 1 − rε ∼ ε| logε|.

Remark. In addition to the solution in Theorem 3.10, the problems (3.30), (3.31) and
(3.30), (3.32) also have solutions concentrating near |x | = r , where (and if) r is a local
extreme point of M . This particular solution also exists for the nonlinear Schrödinger
equations in Rn . (See [AMN2].)

The proof relies upon a finite-dimensional Lyapunov–Schmidt reduction and a “lo-
calized” energy method. Again, the first crucial step, for both (i) and (ii), is to find a good
approximate solution zερ,N for (i) and zερ,D for (ii), where ρ is a parameter between 0 and
1/ε, denoting the radius of concentration and will be determined eventually. Observe that
a solution to the problem (3.30) and (3.31) is a critical point of the (rescaled) functional on
H1,r (B1/ε),

J̃ε,N (u) = 1

2

∫
B1/ε

(
|∇u|2 + V (ε|x |)u2

)
− 1

p + 1

∫
B1/ε

u p+1
+ ,

where H1,r is the space of all radial H1 functions on B1/ε. The general abstract procedure
establishing J̃ ′

ε,N (zερ,N +w) = 0 is equivalent to

(a) finding w =wερ,N ∈ (Tz Z εN )⊥ such that P J̃ ′
ε,N (zερ,N +w) = 0, and

(b) finding a stationary point of

�ε,N (ρ) = J̃ε,N (zερ,N +wερ,N ),

where P denotes the orthogonal projection from H1,r onto (Tz Z εN )⊥, Tz Z εN is the tangent
space of Z εN at z, and Z εN is the family of the approximate solutions zερ,N . To find a
nontrivial critical value of �ε,N , we have the expansion

εn−1�ε,N (ρ) = M(ερ)
(
α−βe−2λ( 1

ε−ρ)
)

+ higher-order terms, (3.34)

where α,β are two positive constants and λ2 = V (ερ). Now, differentiating (3.34) with
respect to ρ and setting the leading term to 0, we obtain

εM ′(ερ)
(
α−βe−2λ( 1

ε
−ρ)

)
+ 2βM(ερ)

[
ελ′(ερ)

(
1

ε
−ρ

)
−λ(ερ)

]
e−2λ( 1

ε
−ρ) = 0.

If 1
ε
−ρ ∼ | logε|, then as ε→ 0

e−2λ( 1
ε
−ρ) → 0,

and therefore
εαM ′(ερ) ∼ 2βM(ερ)λ(ερ)e−2λ( 1

ε
−ρ),
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which can be achieved if M ′(1)> 0 (since ερ→ 1 and 1
ε
−ρ ∼ | logε|).

For the Dirichlet case (3.30) and (3.32) we define similarly the functionals J̃ε,D and
�ε,D and the expansion corresponding to (3.34) now reads as follows:

εn−1�ε,D(ρ) = M(ερ)
(
α+βe−2λ( 1

ε
−ρ)

)
+ higher-order terms. (3.35)

Comparing (3.35) to (3.34), we see that only the sign for the term βe−2λ( 1
ε
−ρ) is different,

which reflects the different, or opposite, effects of Dirichlet and Neumann boundary con-
ditions. Heuristically, when V ≡ 1, the first term in (3.34) and (3.35) is due to the volume
energy which always has a tendency to “shrink” (in order to minimize), while the second

term ±βe−2λ( 1
ε
−ρ) in (3.35) and (3.34), respectively, indicates that in the Dirichlet case

the boundary “pushes” the mass of the solution away from the boundary (therefore only
single-peak solutions are possible), but in the Neumann case the boundary “pulls” the mass
of the solution and thereby reaches a balance at ερ = rε ∼ 1 − ε| logε| creating an extra
solution.

We remark that the method described above also applies to the annulus case and
yields the following interesting results for V ≡ 1, which illustrate the opposite effects be-
tween Dirichlet and Neumann boundary conditions most vividly.

Theorem 3.11 (see [AMN3]).

(i) For every p> 1 and ε small, the Neumann problem (3.1) with�= {x ∈Rn
∣∣0< a <

|x |< b} possesses a solution concentrating at |x | = rε, where b −rε ∼ ε| logε|, near
the outer boundary |x | = b.

(ii) For every p > 1 and ε small, the Dirichlet problem (3.2) with �= {x ∈ Rn
∣∣0< a <

|x |< b} possesses a solution concentrating at |x | = rε , where rε−a ∼ ε| logε|, near
the inner boundary |x | = a.

Observe that from the “moving plane” method [GNN1] it follows easily that the
Dirichlet problem (3.2) does not have a solution concentrating on a sphere near the outer
boundary |x | = b.

In conclusion, we mention that the method of Theorem 3.10 can be extended to pro-
duce solutions with k-dimensional concentration sets, but again, some symmetry assump-
tions are needed. Other interesting progress in this direction includes a one-dimensional
concentration set in the interior of a two-dimensional domain due to [WY]. The conjecture
stated at the beginning of this section remains largely a major open problem.

3.1.4 Remarks

In Section 3.1, we have considered the various concentration phenomena for essen-
tially just one equation, namely,

ε2�u − u + u p = 0 (3.36)

in a bounded domain � under either Dirichlet or Neumann boundary conditions in (3.2)
or (3.1), respectively. However, since (3.36) is quite basic, similar phenomena could be
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expected for a more general class of equations. We again mention that, as ε becomes large,
(3.1) will eventually lose all of its solutions except the trivial one uε ≡ 1 [LNT].

The methods involved in handling (3.36) are basically variational, more precisely,
via the Mountain-Pass lemma. However, the Mountain-Pass approach we have used here
is due to Ding and Ni [DN] in 1983, which deviates from the original one due to Am-
brosetti and Rabinowitz [AR] and is less general but more constructive. As a result, it is
proved in [N1] that this approach yields the same critical value as the constrained mini-
mization approach due to Nehari [Ne] in 1960. In studying multipeak solutions and other
concentration sets, this approach has been modified; namely, it is also coupled with the
Lyapunov–Schmidt finite-dimensional reduction and becomes “local” in nature. This “lo-
calized energy method” is a major achievement, and is due to Gui and Wei [GW1].

It is interesting to note that the concentration sets of solutions to (3.1) we have dis-
cussed so far have dimensions ranging from 0 (i.e., peaks) to n − 1 (spheres in Rn). A nat-
ural question arises: Does (3.1) possess solutions with n-dimensional concentration sets?
In general, this question remains open, although the answer is probably negative.

Solutions with n-dimensional concentration sets (often referred to as internal tran-
sition layers) appear in phase transitions. This problem has been studied extensively in
the past 30 years by many authors, including Alikakos, Bates, Xinfu Chen, Fife, Fusco,
Hale, Mimura, Sakamoto, and others. We refer interested readers to the monograph [F] for
further details.

A “nonautonomous” version of (3.1) was considered by Ren [R],⎧⎪⎨⎪⎩
ε2�u − u + K (x)u p = 0 in �,

u > 0 in �,

∂νu = 0 on ∂�,

(3.37)

where 1< p < n+2
n−2 and K (x)> 0. Results similar to those in Theorem 3.3 were obtained,

and for ε small the location of the peak is determined by an interesting interaction between
the maximum points of K on ∂� and in �.

3.2 Concentrations of Solutions: Systems
In this section, we shall return to the activator-inhibitor system (3.3) discussed in

Section 3.1. Our first goal is to construct stationary solutions of (3.3) for large d2 given the
knowledge of the single-peak spike-layer solutions of (3.1) in Section 3.1. It turns out that
this is accomplished only under additional assumptions.

In Subsection 3.2.2, we include two more systems: the CIMA reaction and the Gray–
Scott model. Both present extremely rich and interesting phenomena in pattern formations,
and many mathematical questions remain open.

If spatial heterogeneity is considered, especially when interacting with diffusion, very
interesting phenomena often occur. We shall discuss those in Chapters 4 and 5. Here in
this section we confine our attention to “autonomous” equations and systems.

3.2.1 The Gierer–Meinhardt System

In the one-dimensional case, much is known about the system (3.3) due to the work
of Takagi [Ta]. We shall therefore focus on the case n ≥ 2 in this section. The existence
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question for nontrivial stationary solutions to the activator-inhibitor system (3.3) under the
condition (3.4) for general domain� remains open. Progress has been made, and there are
two approaches to this problem. The first one is via the shadow system. The best result in
this direction so far seems to be [NT4], in which the domain � is assumed to be axially
symmetric and multipeak spike-layer steady states are constructed. Here we are going to
give a brief description of this approach.

The steady states of (3.3) satisfy the following elliptic system:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

d1�U −U + U p

V q = 0 in �,

d2�V − V + Ur

V s = 0 in �,

U > 0 and V > 0 in �,

∂νU = 0 = ∂νV on ∂�,

(3.38)

where p, q , r are positive, s ≥ 0, and

0<
p − 1

q
<

r

s + 1
. (3.39)

Similarly, the elliptic “shadow” system is⎧⎪⎪⎨⎪⎪⎩
d1�U −U + U p

ξq = 0 in �,∫
�

Ur = |�|ξ s+1,

∂νU = 0 on ∂�.

(3.40)

If we set
U (x) = ξ q

p−1 u(x),

then (3.40) is equivalent to ⎧⎪⎨⎪⎩
ε2�u − u + u p = 0 in �,∫
� ur = |�|ξ−α,
∂νu = 0 on ∂�,

(3.41)

where d1 = ε2 and

α = qr

p − 1
− (s + 1)> 0. (3.42)

Now, suppose that the xn-axis is the axis of symmetry for � and that P1, . . . , P2N are
the points at which ∂� intersects the xn-axis. The following result is proved in [NT4].

Theorem 3.12. Under the assumption (3.42), given any m distinct points Pj1 , . . . , Pjm ∈
{P1, P2, . . . , P2N }, there are two constants D1 and D2 such that for every 0< d1 < D1 and
d2 > D2 the system (3.38) has a spike-layer solution with exactly m peaks at Pj1 , . . . , Pjm .

To illustrate our approach, we shall treat only the case m = 1, as the general case
m > 1 requires no new ideas or techniques.
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First, we introduce a diffeomorphism in order to flatten a boundary portion around
P ∈ {P1, . . . , P2N } as follows. Assuming P is the origin, we see that there is a smooth
function ψ ∈ C∞([−δ,δ]) with ψ(0) = ψ ′(0) = 0 such that, near P , ∂� is represented by
{(x ′,ψ(|x ′|) ∣∣ |x ′|< δ}. Setting

� j (y) =
{

y j − ynψ
′(|y ′|) y j

|y′| , j = 1, . . . ,n − 1,

yn +ψ(|y ′|), j = n,
(3.43)

we see that x =�(y) = (�1(y), . . . ,�n(y)) is a diffeomorphism from an open set containing
the closed ball B3κ , where κ > 0 is small, onto a neighborhood of P with D�(0) = 1, the
identity map. Observe that x = �(y) maps the hyperplane {yn = 0} into ∂�. We write
� =�−1.

Now we can write

u(x) = χ(κ−1|�(x)|) ·w(ε−1�(x)) + εφ≡ ũε+ εφ, (3.44)

where w is the solution of (3.10) and χ ∈ C∞
0 (R) is a cut-off function such that (i) 0 ≤

χ(s) ≤ 1, (ii) χ(s) = 1 if |s| ≤ 1, and (iii) χ(s) = 0 if |s| ≥ 2. Note that ũ is an approximate
solution of the equation in (3.41) and the equation in (3.41) now takes the following form:

Lεφ+ gε+ Mε[φ] = 0,

where
Lε = ε2�− 1 + pũ p−1

ε ,

gε = 1

ε
[ε2�ũε− ũε+ ũ p

ε ],

Mε[φ] = 1

ε
[(̃uε+ εφ)p − ũ p

ε − εpũ p−1
ε φ].

It turns out that Mε[φ] is small and gε is bounded. While Lε is not invertible in general, it
actually has a bounded inverse when restricted to axially symmetric functions. This enables
us to solve the equation in (3.41) with a solution of the form (3.44). Then we simply define

ξ∞ = |�| 1
α

(∫
�

ur
)− 1
α

and U∞(x) = ξq/(p−1)∞ u(x), and we obtain a solution (U ,ξ ) of the shadow system (3.40).
The original system (3.38) with d2 large turns out to be a regular perturbation of the

shadow system (3.40). If we write δ = d−1
2 and define the operator

Pu = u − 1

|�|
∫
�

u,

then we can convert solving the system (3.38) to finding a zero (U ,ξ ,φ) of the map F =
(F1,F2,F3) for δ > 0 but small, where

F1(U ,ξ ,φ;δ) = ε2�U −U + U p

(ξ +φ)q
,
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F2(U ,ξ ,φ;δ) =
∫
�

[
−(ξ +φ) + Ur

(ξ +φ)s

]
,

F3(U ,ξ ,φ;δ) =�φ+ δ
[
−φ+P

(
Ur

(ξ +φ)s

)]
,

near (U∞,ξ∞,0) (the solution for (3.40), corresponding to the case δ = 0). Notice that we
have decomposed the second equation in (3.38) into two equations so that the linearization
of the map F at (U∞,ξ∞,0;0) is invertible in suitable function spaces and thereby (3.38)
can be solved by the Implicit Function theorem.

The second approach is due to Wei and his collaborators. In this approach, d2 need
not be very large, although there are other restrictions; in particular, this approach works
only for planar domains, i.e., n = 2. To illustrate the basic idea involved here, we take the
special case s = 0 in (3.38). The first step here is to solve the second equation in (3.38):{

d2�V − V +Ur = 0 in �,

∂νV = 0 on ∂�.
(3.45)

Then, writing V = T [Ur ] and substituting into the first equation in (3.38), we have⎧⎨⎩ d1�U −U + U p

(T [Ur ])q
= 0 in �,

∂νU = 0 on ∂�.

It is observed that, under suitable scalings, (3.45) will have a solution close to a large
constant, namely,

V ∼ ξε
(

1 + O(| logε|−1)
)

,

where d1 = ε2 is small and ξε → ∞ as ε→ 0. In this approach, the asymptotic behavior of
the Green’s function {

�G − G + δP = 0 in �,

∂νG = 0 on ∂�,

where δP denotes the Dirac δ-function at the point P , is essential, which limits this ap-
proach to n = 2 only. (See [WW1, WW2].)

3.2.2 Other Systems

The 1952 paper of Turing [T], in which the novel notion of “diffusion-driven insta-
bility” was first proposed in an attempt to model the regeneration phenomenon of hydra, is
one of the most important papers in theoretical biology in the last century. However, the
two chemicals, activator and inhibitor in Turing’s theory, are yet to be identified in hydra.

The first experimental evidence of Turing pattern was observed in 1990, nearly 40
years after Turing’s prediction, by the Bordeaux group in France on the chlorite-iodide-
malonic acid-starch (CIMA) reaction in an open unstirred gel reactor [CDBD]. In their
scheme, the two sides of the gel strip loaded with starch indicator are, respectively, in con-
tact with solutions of chlorite (CLO−

2 ) and iodide (I−) ions on one side, and malonic acid
(MA) on the other side, which are fed through two continuous-flow stirred tank reactors.
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These reactants diffuse into the gel, encountering each other at significant concentrations
in a region near the middle of the gel, where the Turing patterns of lines of periodic spots
can be observed. This observation represents a significant breakthrough for one of the most
fundamental ideas in morphogenesis and biological pattern formation.

The Brandeis group later found that, after a relatively brief initial period, it is really
the simpler chlorine dioxide CLO2-I2-MA (CDIMA) reaction that governs the formation of
the patterns [LE1, 2]. The CDIMA reaction can be described in a five-variable model that
consists of three component processes. However, observing that three of the five concen-
trations remain nearly constants in the reaction, Lengyel and Epstein [LE1, LE2] simplified
the model to a 2×2 system: Let U = U (x , t) and V = V (x , t) denote the chemical concen-
trations (rescaled) of iodide (I−) and chlorite (CLO−

2 ), respectively, at time t and x ∈ �,
where � is a smooth, bounded domain in Rn . Then the Lengyel and Epstein model takes
the form ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Ut =�U + a −U − 4U V

1 +U2
in�× (0, T ),

Vt = σ
[

c�V + b

(
U − U V

1 +U2

)]
in�× (0, T ),

∂νU = ∂νV = 0 on∂�× (0, T ),

(3.46)

where a and b are parameters related to the feed concentrations, c is the ratio of the dif-
fusion coefficients, and σ > 1 is a rescaling parameter depending on the concentration of
the starch, enlarging the effective diffusion ratio to σc. All constants a, b, c, and σ are
assumed to be positive.

It was established in [NTa] that all solutions of (3.46) must eventually enter the region

Ra = (0,a) × (0,1 + a2)

for t large, regardless of the initial values U (x ,0), V (x ,0). Furthermore, the existence and
nonexistence of steady states of (3.46) are also investigated in [NTa]. Results there show
that, roughly speaking, if any one of the three quantities

(i) the parameter a (related to the feed concentrations),
(ii) the size of the reactor � (reflected by its first eigenvalue),
(iii) the “effective” diffusion rate d = c/b

is not large enough, then the system (3.46) has no nonconstant steady states.
On the other hand, it was also established in [NTa] that if a lies in a suitable range,

then (3.46) possesses nonconstant steady states for large d . The proof of the existence
uses a degree-theoretical approach combined with the a priori bounds. However, such
an approach does not provide much information about the shape of the solution. In the
case n = 1, a better description for the structure of the set of nonconstant steady states to
(3.46) is given in [JNT]; namely, a global bifurcation theorem which gives the existence of
nonconstant steady states to (3.46) for all d suitable large (under a rather natural condition)
is obtained. Moreover, the corresponding shadow system (as d → ∞) is also solved in
[JNT].

There are various experimental and numerical studies on the system (3.46); see, e.g.,
[CK], [JS] and the references therein. However, the qualitative properties of solutions to
(3.46) remain largely open.

Another system supporting many interesting spatio-temporal patterns is the Gray–
Scott model [GS]. It models an irreversible autocatalytic chemical reaction involving two
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reactants in a gel reactor, where the reactor is maintained in contact with a reservoir of one
of the two chemicals in the reaction. In dimensionless units it can be written as⎧⎪⎪⎨⎪⎪⎩

Ut = DU�U + F(1 −U ) −U V 2 in �× (0, T ),

Vt = DV�V − (F + k)V +U V 2 in �× (0, T ),

∂νU = ∂νV = 0 on ∂�× (0, T ),

(3.47)

where U = U (x , t) and V = V (x , t) represent the concentrations of the two chemicals at
point x ∈ � ⊂ Rn ,n ≤ 3, and at time t > 0, respectively, and DU , DV are the diffusion
coefficients of U and V , respectively. F denotes the rate at which U is fed from the
reservoir into the reactor, and k is a reaction-time constant.

For various ranges of these parameters, (3.47) is expected to admit a rich solution
structure involving pulses or spots, rings, stripes, self-replication spots, and spatio-temporal
chaos. See [Pe] and [LMPS] for numerical simulations and experimental observations.

In one-dimensional case n = 1, a stationary one-pulse solution in the entire real line
(i.e., � = R1 and no boundary condition imposed in (3.47)) is studied in [DGK]. In case
n = 2, “spotty” solutions are investigated in [W3] and [WW3]. Many other patterns here
remain to be established with mathematical rigor.

3.3 Symmetry and Related Properties of Solutions
Symmetry of solutions to elliptic problems has been an important subject in mathe-

matics as well as in mathematical physics. It has a long history, and the early works dealt
mainly with symmetric rearrangements [PS]. Systematic studies of symmetry properties in
modern era only seem to have started with the papers [GNN1, GNN2] around 1980.

The basic question here is, If the elliptic equation, the underlying domain, and the
boundary conditions all possess certain symmetries, then do all positive solutions have the
same symmetries? Or, what kind of symmetries would positive solutions possess?

Spherical symmetry, or radial symmetry, being among the most fundamental sym-
metries, will be the center of this section.

We shall start with the simplest semilinear elliptic equation,

�u + f (u) = 0 in �, (3.48)

where � is a ball, an annulus, or the entire Euclidean space Rn , with either the homoge-
neous Dirichlet boundary condition

u = 0 on ∂� (3.49)

or the homogeneous Neumann boundary condition

∂νu = 0 on ∂�. (3.50)

It will become abundantly clear that the Dirichlet condition (3.49) is far more “coercive”
or “imposing” than the Neumann boundary condition (3.50). More precisely, the Dirichlet
condition (3.49) will “force” all positive solutions of (3.48) to posses the same radial sym-
metry in the case when � is a ball, while the Neumann condition (3.50) allows many other
possibilities. These are discussed in Subsection 3.3.1.
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It is interesting to note that although annuli also have the same radial symmetry, pos-
itive solutions of (3.48) in an annulus even under the Dirichlet boundary condition (3.49)
are generally not radially symmetric. In fact, the “least-energy” solutions of (3.48) and
(3.49) discussed in Section 3.1 are often not radially symmetric. This indicates that, for an
annulus, “natural” solutions (or “ground states”) to (3.48) and (3.49) often do not inherit
radial symmetry from the domain in order to stay “more stable,” i.e., in order to reduce
its “energy.” A more detailed explanation and other relevant information are included in
Subsection 3.3.2.

For the case � = Rn , we usually consider only positive solutions which tend to 0
at ∞. This, of course, seems weaker than the Dirichlet boundary condition (3.49) for the
ball case. Indeed, symmetry properties in this case are generally more difficult to establish.
Subsection 3.3.3 is devoted to this case.

The main method used in this section is the “moving plane” method, which is based
on the Maximum Principle and a device due to A. D. Alexandroff in 1956 in his proof of
the result that all topological spheres in R

n with constant mean curvatures must actually be
spheres. This method establishes radial symmetry by first proving mirror symmetry, or re-
flection symmetry, in an arbitrary direction. In the process it also yields the monotonicity of
solutions as a by-product. Since the publication of [GNN1, GNN2], there have been many
variants of this “moving plane” method developed by various authors to handle different
types of domains, such as half-spaces, and/or to establish related properties of solutions,
such as monotonicity properties. One such example is the De Giorgi conjecture, which will
be discussed in Subsection 3.3.4. This subsection will also include a brief discussion on
the convexity of level sets of positive solutions to the Dirichlet problem (3.48) and (3.49)
when the underlying domain � is convex.

Finally, we include a brief account for symmetry results to elliptic systems in Sub-
section 3.3.5.

3.3.1 Symmetry of Semilinear Elliptic Equations in a Ball

In this subsection, we would like to describe various symmetry properties for positive
solutions of the elliptic equation (3.48) in the case when� is a ball of radius R in Rn , under
either the homogeneous Dirichlet boundary condition (3.49) or the homogeneous Neumann
boundary condition (3.50). Our goal here is to understand what kind of symmetries are
being imposed on all positive solutions of (3.48) by different boundary conditions (3.49)
and (3.50).

Our first result says that the Dirichlet boundary condition (3.49) is “rigid and coer-
cive”—solutions of (3.48) and (3.49) basically inherit the symmetries of the domain �.
(See Subsection 3.3.2 for exceptions and more discussions.)

Theorem 3.13 (see [GNN1]). Let u be a positive solution of the Dirichlet problem (3.48)
and (3.49) where f is locally Lipschitz continuous. Then u must be radially symmetric;
i.e., u(x) = u(|x |), and u′(r )< 0 for all 0< r < R.

Observe that there is essentially no condition imposed on f . Therefore, the radial
symmetry of solutions to (3.48) and (3.49) seems to result from the symmetry of the domain
� and the Dirichlet boundary condition. The proof makes use of the well-known “moving
plane” method devised by A. D. Alexandroff in 1956.
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For simplicity we will sketch the proof of Theorem 3.13 only in the case 0 ≤ f ∈ C1.
The general case can be proved in a similar manner with a little extra work.

Define
�λ = {

x = (x1, . . . , xn) ∈� ∣∣x1 > λ
}

,

and let Tλ be the hyperplane which is perpendicular to the x1-axis at x1 = λ. Denote the
following statement by (∗)λ:

u(x)< u(xλ) for all x ∈�λ, and
∂u

∂x1
< 0 on �∩ Tλ, (∗)λ

where xλ is the reflection of x with respect to Tλ.
We claim that the set � = {λ ∈ (0, R)

∣∣(∗)λ holds} is nonempty, open, and closed in
(0, R). The fact that λ ∈� for all λ < R and sufficiently close to R is an easy consequence
of the Hopf Boundary Point lemma. The assertion that � is both open and closed follows
from the following lemma.

Lemma 3.14. Assume that for some λ∈ (0, R) it holds that u(x) ≤ u(xλ) for all x ∈�λ and
∂u
∂x1

≤ 0 in �λ. Then (∗)λ holds.

Proof. Let �′
λ be the reflection of �λ with respect to Tλ. In �′

λ, set v(x) = u(xλ). Then

�v+ f (v) = 0

in �′
λ. Consideringw= u −v in �′

λ, we see thatw ≤ 0 in �′
λ and w < 0 on ∂�′

λ\Tλ. Thus
w �≡ 0 and

�w+ c(x)w= 0

in �′
λ, where

c(x) =

⎧⎪⎨⎪⎩
f (u(x)) − f (v(x))

u(x) − v(x)
if u(x) �= v(x),

f ′(u(x)) if u(x) = v(x).

Now, (∗)λ follows from the Maximum Principle and the Hopf Boundary Point lemma, and
our assertion is proved. �

From the assertion we conclude easily that � = (0, R). Letting λ→ 0, (∗)λ implies
that u(x) ≤ u(x0) if x1 > 0. Reversing the x1-axis, we see that u(x) = u(x0) if x1 > 0. Since
we may replace the x1-axis by any other direction, Theorem 3.13 is established.

The method above clearly applies to more general domains and equations. In Sub-
section 3.3.6, we shall include some generalizations of Theorem 3.13.

Naturally, one wonders if Theorem 3.13 would hold for solutions to Neumann bound-
ary value problems (3.48) and (3.50). The results in Section 3.1 clearly show that this is
not the case. However, solutions to the homogeneous Neumann problem (3.48)–(3.50), al-
though not generally inheriting the full radial symmetry, do often possess some partial sym-
metries. For instance, the “least-energy” solution uε,N of (3.1) in Theorem 3.3 was shown
to have axial symmetry with the axis of symmetry being the diameter passing through the
(single) peak of uε,N on ∂�. (See [NT2, Section 5].) On the other hand, in [Gr] the single-
boundary-peak solution was proved to be unique (in the class of all single-boundary-peak
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functions) up to rotations. Combining these two results, we see immediately that single-
boundary-peak solutions of (3.1) with� being a ball and ε small must have axial symmetry.
This fact was also established later in [LT] directly. Moreover, it was also shown in [LT]
that, for ε > 0 sufficiently small, all single-peak solutions of (3.1) with � being a ball must
either have its peak located at the center of �, in which case the solution must be radially
symmetric, or have its peak located on the boundary, in which case the solution must then
be axially symmetric.

The proof in [LT] is based on a “rotating plane” technique, which is a variant of the
“moving plane” method described above.

Pushing the “rotating plane” technique further, Lin, Takagi, and Wei in [LT], [LW]
proved, for ε sufficiently small, all double-peak solutions of (3.1) with � being a ball must
be axially symmetric with the axis of symmetry being the diameter passing through the
two peaks (and the center of �). Moreover, these authors also completely classified, for
ε small, all double-peak solutions of (3.1) when � = BR(0): For ε small, there are only
three double-peak solutions of (3.1) (up to rotations)—a solution with two boundary peaks
situated at (−R,0, . . . ,0) and (R,0, . . . ,0), a solution with two interior peaks located at
(−R/2,0, . . . ,0) and (R/2,0, . . . ,0), and a solution with two mixed peaks at (−R,0, . . . ,0)
and (R/3,0, . . . ,0). In [LW] an attempt was made to classify all triple-peak solutions of
(3.1) when �= BR(0). We omit the details here.

Thus, due to the fact that the homogeneous Neumann problems (3.48) and (3.50)
tend to allow multiple solutions, we need to “narrow” down specific classes of solutions in
studying their symmetry properties.

3.3.2 Symmetry of Semilinear Elliptic Equations in an Annulus

In this subsection, we shall always denote�= {x ∈ R
n |0< a < |x |< b}.

Unlike the case for balls (Theorem 3.13), even solutions to the Dirichlet problem
(3.48) and (3.49) do not generally have radial symmetry, although annuli also possess radial
symmetry. To the best of our knowledge, the first such example was due to Schaeffer [Sc].
Similar ideas were used later by many other authors [BrN], [Co], [DN], [Ly], [NSu]. In
some sense a “quantitative” version of such ideas for (3.2) is contained in Theorem 3.4
which, in particular, guarantees that a least-energy solution uε,D for (3.2) is not radially
symmetric in the annulus� when ε is small.

However, it is worthwhile to remark that the “moving plane” method does imply that
any solution of (3.48) and (3.49) must be decreasing in the radial direction in the “outer”
half of �, i.e., in �o = {x ∈ R

n | a+b
2 < |x | < b}. Thus, the peak Pε of a least-energy

solution uε,D of (3.2) must be in the “inner” half of �, and it follows from Theorem 3.4
that Pε approaches the middle circle |x | = a+b

2 as ε→ 0. Finally, we remark that it seems
very interesting to compare this result to Theorem 3.11.

3.3.3 Symmetry of Semilinear Elliptic Equations in Entire Space

Systematically exploring symmetry properties of positive solutions to semilinear el-
liptic equations in entire space⎧⎪⎨⎪⎩

�u + f (u) = 0 in Rn ,

u > 0 in Rn ,

u → 0 at ∞,

(3.51)



56 Chapter 3. Steady States of Reaction-Diffusion Equations and Systems

where f (0) = 0, also seems to have started in the papers [GNN1, GNN2] around 1980.
Much has been done since then. Here, for exposition purposes, we will include only results
that are simple but not necessarily most general possible.

It turns out that symmetry results for solutions of (3.51) roughly fall into two cate-
gories: f ′ ≤ 0 near 0, or otherwise. ((3.51) does not have any solution if f ′(0)> 0.) The
case f ′ ≤ 0 near 0, which includes equations like (3.10), is relatively easier to handle.

Theorem 3.15 (see [LiN]). Suppose that

f ′(s) ≤ 0 for sufficiently small s ≥ 0. (3.52)

Then all solutions of (3.51) must be radially symmetric about the origin (up to a translation)
and ∂u

∂r < 0 for all r = |x |> 0.

It was a common belief that the reason for the case f ′(0)< 0 being easier to handle
was that the solution of (3.51) in this case may decay rapidly; in fact, solutions to (3.10)
decay exponentially at ∞. However, this turns out to be unnecessary—solutions of (3.51)
under hypothesis (3.52) could have very slow decay at ∞. We include such an example
here.

Example 3.16 (see [LiN]). Let m be a positive integer, and let

Vm(x) = log[ log[ . . . [log(M +|x |2)] . . . ]],

where Vm is the mth iterated logarithmic function, and M is a positive number such that
Vm(0) = 1. Obviously, Vm is an increasing function of |x | with limx→∞ Vm(x) = ∞. Let

um(x) = 1

Vm(x)
, x ∈ R

2.

Then um satisfies the following semilinear equation in R2:

�um + fm(um) = 0,

where

fm (s) =− 4s2 exp

⎛⎝−
m∑

j=1

exp[ j−1]
(

1

s

)⎞⎠
×
⎡⎣(

1 − M exp

(
−exp[m−1]

(
1

s

)))
×
⎛⎝2s exp

⎛⎝−
m−1∑
j=1

exp[ j−1]
(

1

s

)⎞⎠
+

m−1∑
j=i

exp

⎛⎝−
m−1∑
j=i

exp[ j−1]
(

1

s

)⎞⎠⎞⎠− M exp

(
−exp[m−1]

(
1

s

))⎤⎦ ,

and exp[i] denotes the ith iterated exponential function, i.e.,

exp[i](s) = exp(exp(. . . (exp(s)) . . .))
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with exp[0] = identity. It can be easily verified that fm (0) = 0 and there exists rm > 0 such
that f ′

m (s)< 0 in (0,rm). Therefore the hypotheses of Theorem 3.15 are satisfied. However,
as m increases, the decay rate of um gets slower and slower.

Proof of Theorem 3.15. In fact, the novelty of Theorem 3.15 is precisely that no decay
assumption at ∞ is imposed or needed, and the proof is simple.

As in Subsection 3.3.1, we set Tλ = {x = (x1, . . . , xn) ∈ Rn | x1 = λ}, �λ = {x ∈
Rn | x1 > λ}, and we denote the reflection of x = (x1, . . . , xn) with respect to the hyperplane
Tλ by xλ = (2λ− x1, x2, . . . , xn). We shall denote the reflection of �λ with respect to Tλ by
�′
λ = {x ∈ Rn | x1 < λ}, as sometimes it is more convenient to deal with �′

λ.
Let u be a positive solution of (3.51). First, we define

�=
{
λ ∈ R

∣∣∣∣u(x)< u(xλ) for all x ∈�λ and
∂u

∂x1
< 0 on Tλ

}
.

By condition (3.52), there exists δ > 0 such that f ′(s) ≤ 0 for all 0 ≤ s ≤ δ. Since u tends
to 0 at ∞, there exist R1 > R0 >

1
δ

such that

max
Rn\BR0 (0)

u < δ and max
Rn\BR1 (0)

u < min
BR0 (0)

u ≡ m0. (3.53)

As the first step in our proof, we claim that [R1,∞) ⊆�. To this end, we proceed as
follows. For each λ≥ R1, let v(x) = u(xλ) and w(x) = u(x) − v(x), for x ∈�′

λ. Then

�w+ c(x)w= 0 in �′
λ,

where

c(x) =

⎧⎪⎨⎪⎩
f (u(x)) − f (v(x))

u(x) − v(x)
if u(x) �= v(x),

f ′(u(x)) if u(x) = v(x).

Since λ≥ R1,w> 0 on BR0 (0) by (3.53). On the other hand, from the choice of δ and (3.53)
it follows that c(x) ≤ 0 in �′

λ\BR0 (0). Since w ≥ 0 on ∂(�′
λ\BR0 (0)) and limx→∞w = 0

(for x ∈ �′
λ), we conclude from the Maximum Principle and the Hopf Boundary Point

lemma that w > 0 in �′
λ\BR0 (0) and ∂w

∂x1
< 0 on Tλ. Thus λ ∈ � and our assertion is

established.
The rest of the proof proceeds similarly as before and is therefore omitted here. �

Although Theorem 3.15 is already quite general and covers a wide range of equations,
the remaining borderline case f ′(0) = 0 and f > 0 in (0,δ) does include some important
examples. For instance, the equation{

�u + u p = 0 in Rn ,
u > 0 in Rn and u → 0 at ∞, (3.54)

where the exponent p ≥ n+2
n−2 ,n ≥ 3, has attracted the attention of many mathematicians.

All the radial solutions of (3.54) have been understood, and they possess remarkable, and
perhaps unexpected, properties. (See [Wa1], [Li], [GNW1, GNW2], and [PY].) However,
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the study of symmetry properties of (3.54) remains a major open problem. Only the critical
case of (3.54), where p = n+2

n−2 , has been resolved.

Theorem 3.17. All solutions of the problem

�u + u
n+2
n−2 = 0 in R

n and u > 0 in R
n (3.55)

must take the form

u(x) =
( √

n(n − 2)λ2

λ2 +|x − x0|2
) n−2

2

,

where λ > 0 and x0 ∈ Rn .

Note that no condition on the asymptotic behavior of the solution u is imposed in
(3.55). We refer readers to [CL] for a brief history and a short, ingenious proof of the
remarkable theorem originally due to [CGS].

3.3.4 Related Monotonicity Properties, Level Sets, and More General
Domains

The publication of [GNN1] in 1979 has stimulated much research in this direction. In
particular, there have been many variants of the “moving plane” method applied to various
different domains and/or different types of solutions. (We have encountered one in Sub-
section 3.3.1 already.) Part of the conclusion resulting from the “moving plane” method is
that the solution must be monotone (in addition to being radially symmetric).

In 1991, a useful “sliding” method was devised by Berestycki and Nirenberg [BN]. It
was used, for instance, to establish the following result in [BCN1], which deals with more
general unbounded domains than just Rn .

Consider the following problem:{
�u + f (u) = 0 in �,

u > 0 in � and u = 0 on ∂�,
(3.56)

where � = {x = (x1, . . . , xn) ∈ Rn | xn > ϕ(x1, . . . , xn−1)} is an unbounded domain in Rn ,
ϕ : Rn−1 → R is a locally Lipschitz continuous function, and f satisfies the following
hypothesis:

There exist 0< s0 < s1 <μ such that f (s) ≥ δ0s

on [0,s0) for some δ0 > 0, nonincreasing on (s1,μ),

and f > 0 on (0,μ), f ≤ 0 on (μ,∞).

(3.57)

Theorem 3.18. Let u be a bounded solution of (3.56) with M = supu <∞. Suppose that
(3.57) holds. Then u must be monotone in xn; i.e., ∂u

∂xn
> 0 in �.

In particular, the theorem above applies to domains including half-space. However,
in this case, much stronger results for more general f (u) are available. For instance, the
following theorem was proved in [BCN1].
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Theorem 3.19. Let u be a bounded solution of{
�u + f (u) = 0 in H = {x = (x1, . . . , xn) ∈ Rn

∣∣xn > 0},
u > 0 in H and u = 0 on ∂H ,

where f is locally Lipschitz. If f (M) ≤ 0, where M = supu, then u is a function of xn
alone and ∂u

∂xn
> 0 in H.

Incidentally, in [BCN1] it was conjectured that if there is a solution in Theorem 3.19,
then necessarily f (M) = 0. This conjecture has been verified only in n = 2 by Jang [J] in
2002.

In this connection we ought to mention a well-known conjecture of De Giorgi in
1978.

Conjecture (De Giorgi). Let u be a solution of

�u + u − u3 = 0

in R
n with |u| ≤ 1 and ∂u

∂xn
> 0 in Rn . Then all level sets [u = λ ] of u are hyperplanes, at

least for n ≤ 8.

This conjecture was proved by Ghoussoub and Gui [GG1] for n = 2 in 1998 and
by Ambrosio and Cabré [AmC] for n = 3 in 2000, and significant progress was made by
[GG2] for n = 4,5 and the conjecture has been established under an extra condition in [S]
for n ≤ 8 recently. Finally, a counterexample was constructed for n ≥ 9 in [DKW]. Here
we will describe the basic ideas used in [GG1]. In fact, a much more general result was
established in [GG1].

Theorem 3.20. Let f ∈ C1. Suppose that u is a bounded solution of

�u + f (u) = 0

on R
2 with ∂u

∂x2
≥ 0 in R

2. Then u is of the form

u(x) = g(ax1 + bx2)

for some appropriate constants a,b ∈ R.

This is truly a beautiful theorem. Its proof makes use of the following result of
[BCN2].

Proposition 3.21. Let L = −�− V be a Schrödinger operator on R
n with the potential V

being bounded and continuous. If Lu = 0 has a bounded, sign-changing solution, then the
first eigenvalue

λ1(V ) = inf

{∫
Rn (|∇ψ|2 − Vψ2)∫

Rn ψ2

∣∣∣∣ψ ∈ C∞
0 (Rn)

}
< 0,

provided that n = 1 or 2.
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Proof of Theorem 3.20. Following [GG1], we now proceed to prove Theorem 3.20. First,
we may assume that ∂u

∂x2
> 0 in R

2; otherwise, we will have ∂u
∂x2

≡ 0 in R
2 by the Maximum

Principle and we are done.
Next, observe that ∂u

∂x2
satisfies the equation

�ϕ+ V (x)ϕ = 0 (3.58)

in R
2, where V (x) = f ′(u(x)) is bounded and continuous. Since ∂u

∂x2
> 0 in R2, it follows

that λ1(V ) ≥ 0, and (3.58) has no bounded, sign-changing solution (by Proposition 3.21).
On the other hand, given a point x0 ∈ R2, we can choose a direction ν such that

ν · ∇u(x0) = 0. Since ∂νu also satisfies (3.58), we have ∂νu ≡ 0 in R2, i.e., u is constant
along the direction ν and our proof is complete. �

Incidentally, Proposition 3.21 is false for n ≥ 3. (See [GG1] and [B].)
Concerning properties of the level set of solutions in bounded smooth domains with-

out radial symmetry, some progress has been made as well.
When � is convex, it seems natural to ask if the level sets of positive solutions,

namely, {x ∈� |u(x) ≥ μ}, to the Dirichlet problem (3.48) and (3.49) are convex.
Even for the very special case f (u) = λ1u, where λ1 is the first eigenvalue of −�

on � under the zero Dirichlet boundary condition, it was a long-standing conjecture that
the level sets of the first eigenfunction for a convex domain are convex. This conjecture
was proved by Brascamp and Lieb [BL] in 1976 by using the heat equation and log concave
functions. Since then, techniques involving Maximum Principles for elliptic equations have
been developed by several authors, including Korevaar [Ko], Kennington [Kn], Caffarelli
and Friedman [CF], and Korevaar and Lewis [KoL]. The basic idea is to show that, instead
of the solution u,v = g(u) is convex for some properly chosen transformation g, which
implies that the level sets of v (and therefore those of u) are convex. The transformation g
is suitably chosen so that v = g(u) satisfies the equation

�v = h(v,∇v),
where h satisfies

h > 0 and

(
1

h

)
vv

≥ 0.

Then it was established, in case n = 2 by [CF] and n ≥ 3 by [KoL], that v = g(u) is
convex in �. The effect of g is to “bend” the graph of u, making it nearly “vertical” near
∂�. However, for given f , there seems to be no known general algorithm for finding g.

Recently, there has been some renewed interest in this direction. We refer readers to
[MX] for current developments.

Finally, we remark that for Neumann problems, it seems little is known concerning
convexity properties of level sets of solutions.

3.3.5 Symmetry of Nonlinear Elliptic Systems

Some of the symmetry results described in previous sections have been generalized
to positive solutions of nonlinear elliptic systems. In this subsection, we will mention only
two of them: one for balls, the other one for the entire space Rn .
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It turns out that Theorem 3.13 can be generalized to cooperative elliptic systems in a
straightforward manner. (See [Ty].) The elliptic system{

�ui + fi (u1, . . . ,um) = 0 in �, i = 1, . . . ,m,

ui > 0 in � and ui = 0 on ∂�,
(3.59)

is said to be cooperative if fi is C1 and

∂ fi

∂u j
≥ 0 for all i �= j and 1 ≤ i , j ≤ m. (3.60)

Theorem 3.22. Let � be a ball of radius R in Rn, let f satisfy (3.60), and let (u1, . . . ,um)
be a solution of (3.59). Then, for each i , ui is radially symmetric and u′

i (r )< 0 for 0< r =
|x |< R.

Since the usual Maximum Principle for single elliptic equations generalizes to co-
operative elliptic systems [PrW], the proof of Theorem 3.13 also generalizes naturally to
establish Theorem 3.22.

The second result here generalizes Theorem 3.15 for the entire space. This is more
involved. Here we are dealing with solutions of the following problems:{

�ui + fi (ui , . . . ,um) = 0 in Rn , i = 1, . . . ,m,

ui > 0 in Rn and ui (x) → 0 as x → ∞.
(3.61)

In addition to (3.60), we will also assume that fi , i = 1, . . . ,m, satisfy the following hy-
potheses:

There exists ε > 0 such that the system (3.61) is fully coupled

in 0< u < ε; more precisely, for any I , J ⊆ {1, . . . ,m} with

I ∩ J = φ and I ∪ J = {1, . . . ,m}, there exist i0 ∈ I and j0 ∈ J

such that
∂ fi0

∂u j0
> 0 in 0< u < ε.

(3.62)

All principal minors of − A(u1, . . . ,Um) have nonnegative

determinants for 0< u < ε, where

A(u1, . . . ,um) =
(
∂ fi

∂u j

)
1≤i , j≤m

.
(3.63)

Recall that the principal minors of a matrix (mij )1≤i, j≤m are the submatrices

(mij )1≤i, j≤k, 1 ≤ k ≤ m.

Observe that (3.62) is to guarantee that all ui , i = 1, . . . ,m, are radially symmetric with
respect to the same point, while (3.63) reduces to (3.52) in Theorem 3.15 in the single
equation case.

In [BS] the following result is proved.
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Theorem 3.23. Suppose that (3.60), (3.62), and (3.63) hold and u is a solution of (3.61).
Then u must be radially symmetric (up to a translation), and u′(r )< 0 for r = |x |> 0.

The proof, still using the “moving plane” method, is more involved. We refer inter-
ested readers to [BS].

3.3.6 Generalizations, Miscellaneous Results, and Concluding
Remarks

So far in this section we have focused our attention on “autonomous” equations
or systems with pure diffusion (i.e., Laplacians); here in this subsection we shall briefly
discuss some generalizations and related results.

Generally speaking, if we replace the term f (u) in (3.48) by f (r ,u) = f (|x |,u), then
symmetry results Theorems 3.13 and 3.15 still hold, provided that f (r ,u) is nonincreasing
in r > 0. On the other hand, if f (r ,u) is increasing in r , one cannot expect solutions to be
radially symmetric anymore. For instance, the Dirichlet problem{

�u − u + V (|x |)u P = 0 in BR ⊆ Rn ,

u > 0 in BR and u = 0 on ∂BR

has nonradially symmetric solutions for R large, where p > 1, V (|x |) = 1 +|x |�, and 0 <
� <

(n−1)(p−1)
2 . (See, e.g., [DN, Proposition 5.10.]) Similarly, so does its counterpart for

entire space.
In [Tl], the following problem was considered:{

�u + f (|x |,u) = 0 in Rn , n ≥ 3,

u → ∞ at ∞.
(3.64)

Under the assumption that f , roughly speaking, is monotone in u with superlinear growth
in u when |x | and u both are large and positive, and r2n−2 f (r ,u) is “asymptotically” mono-
tone in r for u large, it is established in [Tl] that all solutions of (3.64) are radially symmet-
ric. The proof consists of two parts: First, prove that the difference of any two solutions of
(3.64) must tend to 0 as |x | → ∞; then apply the arguments of [LiN] described in Subsec-
tion 3.3.3.

In case n = 2, the method in [Tl] yields a similar result with the “boundary value
u → ∞ as |x | → ∞” in (3.64) replaced by

u(x)

log |x | → ∞ as |x | → ∞ (3.65)

and with another technical condition imposed on the monotonicity of f with respect to r .
It is curious to note that there is an earlier result, due to [CN], asserting that all solutions of
(3.64) in R2 with

f (r ,u) = K (r )eu, (3.66)

where K ≥ 0 and K ∼ |x |−� at ∞, for some � > 2, are radially symmetric. In fact, in
this case all solutions are completely understood and classified; in particular, there is no
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solution having the asymptotic behavior (3.65). Incidentally, the equation in (3.64) with
the nonlinearity (3.66) is known as the conformal Gaussian curvature equation with K as
the prescribed Gaussian curvature in R2.

One can also replace the Laplace operator in (3.48) by other operators, e.g., by fully
nonlinear operators F(x ,u(x), Du(x), D2u(x)) = 0, where F satisfies the following:

(F1) F(x ,s, pi , pi j ),1 ≤ i , j ≤ n, is continuous in all of its variables, C1 in pi j , and Lip-

schitz in s and pi , where pi j ’s are position variables for ∂2u
∂xi∂x j

, pi for ∂u
∂xi

and s for
u;

(F2) Fpij (x ,s, pi , pi j )ξiξ j ≥ λ(s, x , pi , pi j )‖ξ‖2 for all ξ ∈ Rn , where λ > 0 in Rn ×R×
R

n ×Rn2
;

(F3) F(x ,s, pi , pi j ) = F(|x |,s, pi , pi j ) and F is nonincreasing in |x |;
(F4) F(x ,s, p1, . . . , pi0−1,−pi0 , pi0+1, . . . , pn, p11, . . . , −pi0 j0 , . . . ,−p j0i0 , . . . , pnn) =

F(x ,s, pi , pi j ) for 1 ≤ i0, j0 ≤ n and i0 �= j0.

Theorem 3.24 (see [LiN]). Suppose that F satisfies (F1)–(F4) and that Fs ≤ 0 for |x | large
and for s small and positive. Let u be a positive C2 solution of{

F
(
x ,u(x), Du(x), D2u(x)

) = 0 in Rn , n ≥ 2,
u(x) → 0 at ∞.

Then u must be radially symmetric (up to a translation) and ur < 0 for r = |x |> 0.

The proof uses essentially the same arguments as in that of Theorem 3.15 and thus
is omitted here. However, we wish to remark here that the elliptic operator F in Theorem
3.24 is not required to be uniformly elliptic and therefore is quite general. For instance, it
includes the minimal surface operator, or equations of mean-curvature type,⎧⎪⎨⎪⎩

div( Du√
1 +|Du|2

) + f (u) = 0 in R
n ,

u > 0 in R
n and u → 0 at ∞.

(3.67)

Consequently, Theorem 3.24 also contains previous work [FL] on (3.67).
In this direction we ought to discuss the p-Laplacian

�pu = div(|Du|p−2 Du),

where p> 1, which exhibits certain degeneracy or singularity depending on p> 2 or p< 2.
(Note that the case p = 2 gives rise to the usual Laplace operator.) The case 1 < p < 2 is
studied in [DPR]. It is proved there that essentially under the same hypothesis (3.52) a
solution u of the problem {

�pu + f (u) = 0 in Rn ,

u > 0 in R
n , u → 0 at ∞,

(3.68)

where 1< p< 2, must be radially symmetric (up to a translation) and ur < 0 in r = |x |> 0.



64 Chapter 3. Steady States of Reaction-Diffusion Equations and Systems

The method of proof in [DPR] still uses the “moving plane” technique, but with a
weak comparison principle instead of the usual Maximum Principle.

The symmetry of solutions to (3.68) for the degenerate case p > 2 does not hold in
general, however. See [SZ, Section 6] for a counterexample.



Chapter 4

Diffusion in Heterogeneous
Environments: 2×2
Lotka–Volterra Competition
Systems

In Chapter 2 we touched upon the interaction between diffusion and spatial hetero-
geneity in general 2 × 2 reaction-diffusion systems and their shadow systems. Here in
this chapter we shall explore further in this direction with some depth using the classical
Lotka–Volterra competition-diffusion systems as our main example in illustrating various
interesting aspects of this interaction.

Suppose that we have two competing species, U and V , with different (random)
dispersal rates but that are otherwise identical. If the habitat� is spatially inhomogeneous,
then the slower diffuser always prevails! That is, the slower diffuser always wipes out its
faster competitor, regardless of the initial population densities (as long as both are nonzero).

This interesting result was proved in 1998 by [DHMP]. Mathematically, it may be
described as follows. Suppose that the species U and V satisfy the classical Lotka–Volterra
competition-diffusion system⎧⎪⎨⎪⎩

Ut = d1�U +U (m(x) −U − V ) in � × (0,∞),

Vt = d2�V + V (m(x) −U − V ) in � × (0,∞),

∂νU = 0 = ∂νV on ∂�× (0,∞),

(4.1)

where 0 ≤ m(x) �≡ Constant reflects the carrying capacity or the resources at location x in
�. (As U , V represent the population densities of two competing species, we will always
assume that they are nonnegative.) If d1 < d2, then, with any initial values U (x ,0) ≥ 0, �≡ 0
and V (x ,0) ≥ 0, �≡ 0, it always holds that the solution of (4.1)

(U (x , t), V (x , t)) → (θd1(x), 0)

uniformly as t → ∞, where θd1 is the unique positive steady state of the problem{
ut = d1�u + u(m(x) − u) in �× (0,∞),

∂νu = 0 on ∂�× (0,∞);
(4.2)

in other words, U always wipes out V ! (See Section 4.2.) This innocent-looking single
equation (4.2) turns out to be important and is interesting in its own right. It is known

65
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that for every d1 > 0, (4.2) has a unique positive steady state θd1 which is globally asymp-
totically stable. (See Theorem 4.1.) It seems interesting to observe that if we divide the
equation for θd1 by θd1 , and then integrate, we have

d1

∫
�

|∇θd1|2
θ2

d1

+
∫
�

(m(x) − θd1) = 0.

Since m �≡ Constant, which implies that θd1 �≡ Constant, we have, for every d1 > 0,∫
�

m(x)<
∫
�

θd1 . (4.3)

In other words, with diffusion, the total population is always greater than the total carrying
capacity! Moreover, it is well known that

θd1(x) →

⎧⎪⎨⎪⎩
m(x) as d1 → 0,

m ≡ 1

|�|
∫
�

m as d1 → ∞.

Thus, ∫
�

θd1 →
∫
�

m

as d1 → 0 or ∞.
It seems surprising that we actually know very little about θd1 , or

∫
�
θd1 . For instance,

what is the maximum of
∫
� θd1 for d1 ∈ (0,∞)? Where is the maximum of

∫
� θd1 assumed?

Moreover, it turns out that the inequality (4.3) plays a key role in the understanding of the
phenomenon “slower diffuser always prevails!”

One of the purposes of this chapter is to develop/describe mathematical theories to
understand these interesting and curious results. We will follow the approach initiated by
Lou in [L1]. After treating a slightly more general case than (4.1), it seems reasonable to
question whether slower diffuser would fare better even just in a slightly broader context.
(See Section 4.4.) We should mention that the monograph [CC] provides an excellent
overview of the background materials for interested readers.

4.1 The Logistic Equation in Heterogeneous Environment
In this section, we include necessary background materials for the (single) logistic

equation (4.2), which plays an important role in the rest of this chapter.
It turns out that we need to consider a slightly more general equation than (4.2);

namely, {
ut = d�u + u(h(x) − u) in �× (0,∞),
∂νu = 0 on ∂�× (0,∞),

(4.4)

where h �≡ Constant, could change sign.
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Theorem 4.1. Suppose that h �≡ Constant and h is positive somewhere in �.

(i) If
∫
� h ≥ 0, then for each d > 0 (4.4) has a unique positive steady state θd ,h which is

globally asymptotically stable. Moreover,

θd ,h(x) →
{

h+(x) as d → 0,
h̄ ≡ 1

|�|
∫
�

h as d → ∞,

where h+(x) = max{h(x),0}.
(ii) If

∫
�

h < 0, then (4.4) has a unique positive steady state θd ,h if and only if 0 < d <
1/λ1(h), where λ1(h) is given in Theorem 4.2. Moreover, θd ,h is globally asymptoti-
cally stable and θd ,h → h+ as d → 0.

(iii) If
∫
� h < 0 and d ≥ 1/λ1(h), then all solutions of (4.4) (with initial value u(x ,0) ≥ 0

in �) converge to 0 as t → ∞.

Theorem 4.1 is well known. However, the analysis involved in its proof will be
needed in our considerations of the competition system later. Thus, we are including an
outline of the proof.

It will be useful to consider that the eigenvalue problem with indefinite weight{
�ϕ+λh(x)ϕ = 0 in�,

∂νϕ = 0 on ∂�,
(4.5)

where h �≡ Constant, could change sign in �. We say that λ is a principal eigenvalue if
(4.5) has a positive solution. (Notice that 0 is always a principal eigenvalue.) The following
result is standard.

Theorem 4.2. The problem (4.5) has a nonzero principal eigenvalue λ1 = λ1(h) if and
only if h changes sign and

∫
�

h �= 0. More precisely,

(i)
∫
� h < 0 ⇒ λ1(h)> 0;

(ii)
∫
�

h > 0 ⇒ λ1(h)< 0;

(iii)
∫
� h = 0 ⇒ 0 is the only principal eigenvalue.

Moreover, for
∫
�

h < 0, λ1(h) is given by the following variational characterization:

λ1(h) = inf

{∫
� |∇ϕ|2∫
� hϕ2

∣∣∣∣ϕ ∈ H1(�) and
∫
�

hϕ2 > 0

}
,

and

(iv) λ1(h)> λ1(k) if h ≤ k and h �≡ k;

(v) λ1(h) is continuous in h; more precisely, λ1(hl ) → λ1(h) if hl → h in L∞(�).
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It turns out that (4.5) is very much related to the following eigenvalue problem:{
�ψ+λh(x)ψ+ μ̃ψ = 0 in�,

∂νψ = 0 on∂�.
(4.6)

It is easy to see that the first eigenvalue of (4.6), μ̃1 = μ̃1(λ,h), is 0 if and only λ is a
principal eigenvalue of (4.5). Furthermore, it is straightforward to verify that μ̃1(λ,h) is
concave in λ; i.e.,

μ̃1(αλ+ (1 −α)λ)

= inf

{∫
�

[
|∇ψ|2 − (αλ+ (1 −α)λ)hψ2

]∣∣∣∣∫
�

ψ2 = 1,ψ ∈ H1(�)

}
= inf

{
α

∫
�

[
|∇ψ|2 −λhψ2

]
+ (1 −α)

∫
�

[
|∇ψ|2 −λhψ2

]∣∣∣∣∫
�

ψ2 = 1, ψ ∈ H1(�)

}
> αμ̃1(λ) + (1 −α)μ̃1(λ),

where the last inequality is strict, as the corresponding eigenfunctions are different. Thus
the following corollary is immediate.

Corollary 4.3. The first eigenvalue μ̃1(λ) of (4.6) has the following properties (see Figure
4.1):

(i)
∫
� h ≥ 0 ⇒ μ̃1(λ)< 0 for all λ > 0;

(ii) ∫
�

h < 0 ⇒

⎧⎪⎨⎪⎩
μ̃1(λ)< 0 if λ > λ1(h),

μ̃1(λ) = 0 if λ= λ1(h),
μ̃1(λ)> 0 if 0< λ < λ1(h).

λ

1( )μ λ

0h
Ω

>∫

1λ λ

1( )μ λ

0h
Ω

=∫

1λ λ

1( )μ λ

0h
Ω

<∫

1λ

Figure 4.1.
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For our purposes, it is more convenient to consider the following eigenvalue problem
instead: {

d�ψ+ h(x)ψ+μψ = 0 in�,

∂νψ = 0 on∂�.
(4.7)

Thus, the first eigenvalue of (4.7) is given by

μ1(d ,h) = dμ̃1

(
1

d
,h

)
. (4.8)

From Corollary 4.3 and the variational characterization of μ1(d ,h), namely,

μ1(d ,h) = inf

{∫
�

(
d|∇ψ|2 − h(x)ψ2

)
dx

∣∣∣∣ ∫
�

ψ2 = 1, ψ ∈ H1(�)

}
, (4.9)

we have the following result.

Proposition 4.4. The first eigenvalue μ1(d ,h) of (4.7) has the following properties:

(i)
∫
�

h ≥ 0 ⇒ μ1(d ,h)< 0 for all d > 0.

(ii) ∫
�

h < 0 ⇒

⎧⎪⎨⎪⎩
μ1(d ,h)< 0 for all d < 1

/
λ1(h),

μ1(d ,h) = 0 for all d = 1
/
λ1(h),

μ1(d ,h)> 0 for all d > 1
/
λ1(h).

(iii) μ1(d ,h) is strictly increasing and concave in d > 0. Moreover,

lim
d→0
μ1(d ,h) = min

�

(−h) and lim
d→∞μ1(d ,h) = −h,

where h is the average of h.

(iv) μ1(d ,h)<μ1(d ,k) if h ≥ k and h �≡ k.

The concavity of μ1(d ,h) follows from the formula (with h fixed)

μ1
′′(d) = 1

d3 μ̃
′′
1

(
1

d

)
,

and the limiting behavior of μ1(d ,h) can be established by standard arguments.
From Proposition 4.4 the existence and uniqueness of θd ,h in Theorem 4.1 follow

readily by the method of upper and lower solutions [Sa], for any large constant M serves
as an upper solution for the steady state equation of (4.4). For a lower solution, we set
u = εψ1, where ψ1 is the first eigenfunction of (4.7), and ε > 0 is a small constant. Then

d�u + u(h(x) − u) =εψ1[−μ1(d) − εψ1 ]> 0
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as long as μ1 < 0. This guarantees the existence of θd ,h . The uniqueness of θd ,h also
follows in a standard fashion. Suppose that (4.4) has two positive solutions u1 and u2. If
u1 ≤ u2 in �, we have

0 =
∫
�

[d�u1 + u1(h − u1)] u2

=
∫
�

u1 [d�u2 + u2(h − u1)]

=
∫
�

u1u2 [−(h − u2) + (h − u1)]

=
∫
�

u1u2(u2 − u1)> 0

since u1 �≡ u2. Now, if neither u1 ≤ u2 nor u2 ≤ u1 in �, then setting

ũ(x) = max{u1(x), u2(x)},
we see that ũ is a lower solution. Since any large constant M is always an upper solution,
we have a solution ũ ≤ u3 ≤ M . Thus we have a third solution u3 ≥ u1 and u3 �≡ u1, a
contradiction, and uniqueness is proved.

From the uniqueness and the construction of upper and lower solutions, the global
asymptotic stability of θd ,h now follows.

In the rest of this book, when there is no confusion, sometimes we will suppress the
indices h, and/or d , in θd ,h and μ1(d ,h).

4.2 Slower Diffuser versus Fast Diffuser
We now return to the interesting phenomenon “Slower diffuser always prevails!”

described at the beginning of this chapter, where we assumed two competing species U
and V , with different dispersal rates but otherwise being identical, satisfy the classical
Lotka–Volterra competition-diffusion system (4.1)⎧⎪⎪⎨⎪⎪⎩

Ut = d1�U +U (m(x) −U − V ) in �× (0,∞),

Vt = d2�V + V (m(x) −U − V ) in �× (0,∞),

∂νU = ∂νV = 0 on ∂�× (0,∞),

(4.1)

where m(x) �≡ Constant and d1 < d2. Then, regardless of the initial value U (x ,0) �≡
0, V (x ,0) �≡ 0, U always wipes out V . Mathematically, we have the following.

Theorem 4.5 (see [DHMP]). If d1 < d2 in (4.1), then the steady state (θd1 ,0) is globally
asymptotically stable, as long as U (x ,0) ≥ 0, �≡ 0 and V (x ,0) ≥ 0, �≡ 0 in �.

(In this section, we will write θd1 and θd2 , instead of θd1,m and θd2,m .)
The proof consists of three steps:

Step 1. (θd1 ,0) is locally asymptotically stable and (0, θd2) is unstable.
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Step 2. (4.1) does not have any coexistence steady state (Ũ , Ṽ ); i.e., Ũ > 0 and Ṽ > 0.

Step 3. Conclude from the theory of monotone flows that (θd1 , 0) is globally asymptotically
stable.

To prove the stability of (θd1 , 0), we linearize the corresponding elliptic system of
(4.1) at (θd1, 0):⎧⎪⎪⎨⎪⎪⎩

d1��1 + (m(x) − 2θd1)�1 − θd1�2 +λ�1 = 0 in �,

d2��2 + (m(x) − θd1)�2 +λ�2 = 0 in �,

∂ν�1 = ∂ν�2 = 0 on ∂�.

(L1)

First, observe that all eigenvalues of (L1) are real since they are also eigenvalues of the
second equation in (L1). Next, note that μ1(d1,m(x)− θd1) = 0. From Proposition 4.4(iii),
we have

μ1(d2, m(x) − θd1)>μ1(d1, m(x) − θd1) = 0

since d1 < d2. Thus, if �2 �≡ 0, then the corresponding eigenvalue λ of (L1) must satisfy

λ≥ μ1(d2, m(x) − θd1)> 0.

If �2 ≡ 0, then the corresponding eigenvalue λ is an eigenvalue of the first equation,
which reduces to {

d1��1 + (m(x) − 2θd1)�1 +λ�1 = 0 in �,

∂ν�1 = 0 on ∂�.

Again, from Proposition 4.4(iv), it follows that

λ≥ μ1 (d1,m(x) − 2θd1)> μ1(d1, m(x) − θd1) = 0.

Therefore all eigenvalues of (L1) are positive, and (θd1 ,0) is locally asymptotically stable.
To see that (0,θd2) is unstable, we also linearize the corresponding elliptic system of

(4.1) at (0,θd2):⎧⎪⎪⎨⎪⎪⎩
d1��1 + (m(x) − θd2)�1 +λ�1 = 0 in �,

d2��2 + (m(x) − 2θd2)�2 − θd2�1 +λ�2 = 0 in �,

∂ν�1 = ∂ν�2 = 0 on ∂�.

(L2)

Similarly, all eigenvalues of (L2) are real. Setting

λ= μ1(d1, m(x) − θd2),

we see that λ < 0 by Proposition 4.4(iii) since μ1(d2,m(x) − θd2) = 0. Now, we let �1
be the first eigenfunction corresponding to μ1(d1,m(x)− θd2), and we proceed to solve �2
from the second equation in (L2). But this follows from the fact that the operator

d2�+ (m(x) − 2θd2) +λ
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is invertible since λ < 0 and

μ1(d2,m(x) − 2θd2)>μ1(d2,m(x) − θd2) = 0.

Thus (L2) has a negative eigenvalue, and (0,θd2) is unstable. This completes the proof of
Step 1.

Step 2, namely, no coexistence steady state, follows easily as follows. Suppose
(Ũ , Ṽ ) is a coexistence steady state of (4.1), where Ũ > 0 and Ṽ > 0. Then, if Ũ + Ṽ �≡
m(x), we have

μ1(d1,m(x) − Ũ − Ṽ ) = 0 = μ1(d2,m(x) − Ũ − Ṽ ),

a contradiction. If Ũ + Ṽ ≡ m(x), then we have

d1�Ũ ≡ 0 ≡ d2�Ṽ ,

which implies that Ũ ≡ Constant and Ṽ ≡ Constant since ∂νŨ = 0 = ∂ν Ṽ on ∂�. Conse-
quently, m(x) ≡ Ũ + Ṽ ≡ Constant, again a contradiction.

Now, the theory of monotone flow [H], [He] guarantees that there is a connecting
orbit from (0,θd2) to (θd1 ,0); in particular, (θd1 ,0) is globally asymptotically stable, and the
proof of Theorem 4.5 is complete. �

It is interesting to note that the proofs of Step 1 and 2 readily generalize to N × N
systems, N ≥ 3. However, to apply the theory of monotone flow in Step 3, requires that N =
2. Thus, when we have N competing species U1, . . . ,UN , N ≥ 3, with different dispersal
rates d1< d2< · · ·< dN but being identical otherwise, it is not known if the slowest diffuser
U1 would always prevail!

In the rest of this chapter, following the approach initiated by Lou [L1], we will try
to understand this interesting phenomenon by approximating the system (4.1) using Lotka–
Volterra weak competition systems. Our main results in this direction are Theorems 4.9 and
4.10 in Section 4.4. The arguments in Section 4.4 seem to indicate that the phenomenon
“slower diffuser always prevails!” described above is highly special—in fact, slower dif-
fuser does not always prevail even in a slightly more general context. (See Section 4.4.)

4.3 Lotka–Volterra Competition-Diffusion System in
Homogeneous Environment

To provide the background we begin with a brief summary of the Lotka–Volterra
competition-diffusion systems with constant coefficients (i.e., homogeneous environments)⎧⎪⎨⎪⎩

Ut = d1�U +U (a1 − b1U − c1V ) in �× (0,∞),

Vt = d2�V + V (a2 − b2U − c2V ) in �× (0,∞),

∂νU = 0 = ∂νV on ∂�× (0,∞),

(4.10)

where U , V again represent the population densities of two competing species; the con-
stants a1, a2 reflect the carrying capacities of the habitat �, b1, c2 are the intraspecific
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competition coefficients, and b2, c1 are the interspecific competition coefficients, and they
are all positive. We will consider only nonnegative solutions, and it is convenient to denote

A = a1

a2
, B = b1

b2
, and C = c1

c2
.

For (4.10) the dynamics of the weak competition case B > A > C is particularly simple
and is completely understood: In this case (4.10) has a coexistence (i.e., positive) steady
state

(U∗, V∗) =
(

a1c2 − a2c1

b1c2 − b2c1
,

b1a2 − b2a1

b1c2 − b2c1

)
(4.11)

which is globally asymptotically stable; i.e., regardless of the initial values U (x ,0), V (x ,0)
(as long as U (x ,0) �≡ 0, and V (x ,0) �≡ 0), the solution of (4.10) always converges to (U∗, V∗)
as t → ∞ for any diffusion rates d1,d2.

Proposition 4.6. For B > A > C, the coexistence constant steady state (U∗, V∗) given by
(4.11) is globally asymptotically stable.

Proof. For U (x ,0) ≥ 0, �≡ 0 and V (x ,0) ≥ 0, �≡ 0, it follows immediately from the Maxi-
mum Principle that U (x , t)> 0 on � and v(x , t)> 0 on � for all t > 0.

Setting

E[U , V ](t) =
∫
�

(
b2

[
U −U∗ −U∗log

U

U∗

]
+ c1

[
V − V∗ − log

V

V∗

])
dx

we have

d

dt
E[U , V ](t)

=−
∫
�

[
b1b2Û2 + 2b2c1Û V̂ + c1c2V̂ 2

]
−
∫
�

d1b2U∗
U2

|∇Û |2 −
∫
�

d2c1V∗
V 2

|∇ V̂ |2

≤− b1b2c1c2 − b2
2c2

1

2b1b2

∫
�

V̂ 2 − b1b2c1c2 − b2
2c2

1

2c1c2

∫
�

Û2

− d1b2U∗
M2

∫
�

|∇Û |2 − d2c1V∗
M2

∫
�

|∇ V̂ |2,

where Û = U −U∗, V̂ = V −V∗, and M = max{a1/b1, a2/c2, ‖U (x ,0)‖L∞ , ‖V (x ,0)‖L∞} .
Since B > A > C , it follows that b1b2c1c2 > b2

2c2
1, and we arrive at

d

dt
E[U , V ](t) ≤ −δ

(
‖Û‖2

H1(�) +‖V̂ ‖2
H1(�)

)
, (4.12)

where

δ = min

{
b1b2c1c2 − b2

2c2
1

2b1b2
,

b1b2c1c2 − b2
2c2

1

2c1c2
,

d1b2U∗
M2 ,

d2c1V∗
M2

}
.

From (4.12) it is not hard to see that (U (·, t), V (·, t)) → (U∗, V∗) as t → ∞, as (U∗, V∗) is
the unique global minimizer of E . �
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The situation for the strong competition case, i.e., B < A < C , is much more com-
plicated. First, the constant (U∗, V∗) given by (4.11) is still a coexistence steady state of
(4.10). However, it is now unstable, even in the ODE sense. Moreover, (4.10) can now
have many nonconstant coexistence steady states; see, e.g., [GL]. In case both d1,d2 are
large, it follows from Theorem 2.12 in Chapter 2 that (4.10) has no nonconstant steady
state. Such a nonexistence fact actually holds as long as one of the diffusion rates d1 or d2
is large. This is proved in [LN1, Corollary 3.2]. The case when both d1,d2 are not large is
not well understood, however. For instance, even the existence or nonexistence of periodic
solutions of (4.10) is open.

4.4 Weak Competition in Heterogeneous Environment
Following Lou [L1], we consider the following Lotka–Volterra competition-diffusion

system: ⎧⎪⎨⎪⎩
Ut = d1�U +U (m1(x) −U − cV ) in �× (0,∞),

Vt = d2�V + V (m2(x) − b U − V ) in �× (0,∞),

∂νU = ∂νV = 0 on ∂�× (0,∞),

(4.13)

where the spatial heterogeneity is reflected in mi (x) > 0 on � and �≡ Constant, and we
have normalized the intraspecific competition coefficients to be 1. Now, weak competition
means

1

b
>

m1(x)

m2(x)
> c for all x ∈�. (4.14)

In the previous section we proved that if mi ≡ Constant (i.e., in the spatially homoge-
neous case), there is a unique coexistence steady state (U∗, V∗) which is globally asymptoti-
cally stable. Now, the situation changes drastically. When the dispersal rates d1,d2 are both
small, or both large, it still holds that (4.13) has a unique coexistence steady state (U∗, V∗)
which is globally asymptotically stable. However, the proofs are much different. For the
case that both d1,d2 are small, we refer readers to [HLM]. For the case that both d1,d2 are
large, it may be proved by the same strategy as in [HLM]. Here, for the convenience of
readers, we will include a proof due to Lou [L2]. The strategy is as follows. First, prove
that the two semitrivial steady states (θd1,m1 ,0) and (0,θd2,m2 ) are unstable. Thus one can
conclude from the theory of monotone flow that (4.13) has at least one coexistence steady
state. Then show that all coexistence steady states are stable; thereby it follows that there
is only one coexistence steady state.

Now we linearize the corresponding elliptic system of (4.13) at the semitrivial steady
state (θd1,m1 ,0):⎧⎪⎨⎪⎩

d1��1 +�1(m1(x) − 2θd1,m1 ) − c θd1,m1�2 +λ�1 = 0 in �,

d2��2 +�2(m2(x) − b θd1,m1 ) +λ�2 = 0 in �,

∂ν�1 = ∂ν�2 = 0 on ∂�.

(4.15)

First, observe that all eigenvalues of (4.15) above are real-valued. For, if �2 �≡ 0,
then λ is an eigenvalue of the second equation and thus is real-valued. Otherwise, �2 ≡ 0;
then λ is an eigenvalue of the first equation, again real-valued.
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Next, observe that for d1 large∫
�

(
m2(x) − b θd1,m1

)
> 0

by (4.14) and the fact that
∫
�
θd1,m1 → ∫

�
m1 as d1 → ∞ (Theorem 4.1). Thus the first

eigenvalue μ1(d2, m2 − b θd1,m1 ) of the second equation in (4.15),{
d2��̃+ �̃(m2(x) − b θd1,m1 ) +μ�̃ = 0 in �,

∂ν�̃ = 0 on ∂�,

must be negative (Proposition 4.4). Now, choosing λ = μ1(d2, m2 − b θd1,m1 ) < 0 and
�2 = �̃ (the first eigenfunction corresponding to the eigenvalue μ1(d2,m2 − bθd1,m1 )) in
(4.15), we need to solve the first equation:{

d1��1 +�1(m1(x) − 2θd1,m1 ) +μ1(d2, m2 − b θd1,m1 )�1 = c θd1,m1�̃ in �,

∂ν�1 = 0 on ∂�.

This obviously has a solution, as the first eigenvalue of the operator

d1�+ (m1 − 2θd1,m1 )

has the property thatμ1(d1, m1 −2θd1,m1 )>μ1(d1, m −θd1,m1 ) = 0, by Proposition 4.4(iv),
and therefore the operator

d1�+ (m1 − 2θd1,m1 ) +μ1(d2, m2 − b θd1,m1 )

is invertible since μ1(d2, m2 − b θd1,m1 ) is negative. This shows that λ = μ1(d2, m2 −
b θd1,m1 )< 0 is an eigenvalue of (4.15); consequently, (θd1,m1 ,0) is not stable.

The instability of (0,θd2,m2 ) can be handled similarly.
Now it follows from the theory of monotone flow that (4.13) has at least one coexis-

tence steady state (U∗, V∗).
Next, we claim that, for any coexistence steady state (U∗, V∗), we have, as d1,d2 →

∞,

(U∗, V∗) →
(

m1 − c m2

1 − b c
,

m2 − b m1

1 − b c

)
. (4.16)

It follows readily from the Maximum Principle that both U∗, V∗ are uniformly bounded,
independent of d1,d2. Passing to a subsequence if necessary, we have

(U∗, V∗) → (Ũ , Ṽ )

in C2(�) as d1,d2 → ∞, where Ũ and Ṽ are two nonnegative constants, by elliptic regu-
larity estimates.

Integrating the equations for U∗ and V∗ and then passing to the limit, we obtain∫
�

Ũ (m1(x) − Ũ − cṼ ) = 0 =
∫
�

Ṽ (m2(x) − b Ũ − Ṽ );
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i.e., {
Ũ (m1 − Ũ − cṼ ) = 0,

Ṽ (m2 − b Ũ − Ṽ ) = 0.
(4.17)

Case 1. Ũ = 0 = Ṽ .

This implies that U∗ and V∗ → 0 in C2(�), and consequently, for d1,d2 sufficiently
large, ∫

�

U∗(m1(x) −U∗ − cV∗)> 0,

a contradiction.

Case 2. Ũ = 0, Ṽ > 0.

From the second equation in (4.17) it follows that Ṽ = m2. Settingw= U∗/‖U∗‖L∞(�),
we have ‖w‖L∞(�) = 1 and

�w = − 1

d1
w(m1(x) −U∗ − cV∗)

with ∂νw = 0 on ∂�. As d1 → ∞, from elliptic regularity estimates we conclude that
w→ 1 on �. Now

0 =
∫
�

w(m1(x) −U∗ − cV∗)

→
∫
�

(m1(x) − cṼ ).

Therefore, m1 = cṼ = cm2, a contradiction.

Case 3. Ũ > 0, Ṽ = 0.

This case may be handled in a similar fashion as Case 2.

Case 4. Ũ > 0, Ṽ > 0.

Now it follows from (4.17) that

Ũ = m1 − c m2

1 − b c
, Ṽ = m2 − b m1

1 − b c
,

and our assertion (4.16) is established.
It remains to show that every coexistence steady state (U∗, V∗) is stable if both d1 and

d2 are large. Consider the linearized eigenvalue problem at (U∗, V∗):⎧⎪⎨⎪⎩
d1��1 +�1(m1(x) − 2U∗ − cV∗) − cU∗�2 +λ�1 = 0 in �,

d2��2 +�2(m2(x) − b U∗− 2V∗) − b V∗�1 +λ�2 = 0 in �,

∂ν�1 = ∂ν�2 = 0 on ∂�.

(4.18)

By the Krein–Rutman theory, (4.18) has a real principal eigenvalue λ1, and all other eigen-
values λ have real parts ≥ λ1. Assume for contradiction that the principal eigenvalueλ1 ≤ 0.
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Denote the corresponding eigenfunction by (�1,�2), normalized by ‖�1‖2
L2 +‖�2‖2

L2 = 1.
Then,

λ1 = d1‖∇�1‖2
L2 −

∫
�

�2
1 (m1(x) − 2U∗ − cV∗) +

∫
�

cU∗�1�2

+ d2‖∇�2‖2
L2 −

∫
�

�2
2 (m2(x) − b U∗− 2V∗) +

∫
�

b V∗�1�2

≥ −M ,

where M is a constant independent of d1, d2; i.e., 0 ≥ λ1 ≥ −M .
Now, letting d1,d2 → ∞ in (4.18), by elliptic regularity estimates, we have, by pass-

ing to a subsequence if necessary,

(�1,�2) → (�̃1,�̃2),

where �̃1 and �̃2 are two constants; thus ‖�̃1‖2
L2 +‖�̃2‖2

L2 = 1. Now, integrating the two
equations in (4.18) and then passing to limits, we obtain{

�̃1(m1 − 2Ũ − c Ṽ ) − cŨ�̃2 +λ1�̃1 = 0,

�̃2(m2 − b Ũ − 2Ṽ ) − bṼ �̃1 +λ1�̃2 = 0.

Simplifying, we have (
λ1 − Ũ −cŨ
−bṼ λ1 − Ṽ

)(
�̃1

�̃2

)
=

(
0
0

)
,

and therefore ∣∣∣ λ1 − Ũ −cŨ
−bṼ λ1 − Ṽ

∣∣∣ = 0.

Thus λ1 > 0 as 1 − bc> 0, a contradiction, and our proof is complete. �

For d1,d2 neither large nor small, the situation changes drastically in heterogeneous
environments. The first such phenomenon was discovered by Lou [L1]. Lou considered
steady states of the special case m1 ≡ m2 in (4.13), namely, the elliptic system⎧⎪⎪⎨⎪⎪⎩

d1�U +U (m(x) −U − cV ) = 0 in �,

d2�V + V (m(x) − b U − V ) = 0 in �,

∂νU = ∂νV = 0 on ∂�.

(4.19)

For simplicity, in the rest of this section we will write θd1 instead of θd1,m and θd2 for θd2,m .
Now the hypothesis (4.14) for weak competition becomes

1

b
> 1> c. (4.20)

Lou [L1] has the following surprising result.
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Theorem 4.7. For every b ∈ (b∗,1) where

b∗ = inf
d>0

m

θd
, (4.21)

there exists c∗ ∈ (0,1) small such that if c ∈ (0,c∗), (θd1 ,0) is globally asymptotically stable
for some d1 < d2.

In particular, for some 0< b, c< 1, and d1 < d2, U will wipe out V regardless of the
initial conditions (as long as both U (x ,0) and V (x ,0) are nonnegative, nonzero), and coex-
istence is no longer possible even if the competition is weak! In fact, Lou’s theorem gives
a better result and more detailed information of the situation. (See [L1] for the details.)
This theorem also shows the importance of the number θd , as promised at the beginning of
this chapter. The number b∗ is sharp, in some sense, as if b < b∗, then (θd1 ,0) is always
unstable for any d1, d2!

The first step in establishing Lou’s theorem is to prove the local stability of (θd1,0)
for some d1,d2 but for all 1 > b > b∗ and c < 1. Since b > b∗, there exist 0< d < d such
that ∫

�

(m(x) − b θd1)< 0

for all d1 ∈ (d,d), and therefore by Theorem 4.2, λ1(m −b θd1)> 0 for all d1 ∈ (d,d), as it
is obvious that (m − bθd1)(x0)> 0, where x0 is a maximum point of θd1 .

Setting

Sb =
{

(d1,d2)

∣∣∣∣d1 ∈ (d,d), d2 >
1

λ1(m − b θd1)

}
,

we claim that (θd1 ,0) is stable for all (d1,d2) ∈ Sb and c ≤ 1. To this end, we observe first
from Theorem 4.2 that

λ1(m − b θd1)< λ1(m − θd1) = 1

d1
;

i.e., d1 < 1
/
λ1(m − b θd1). Hence, for (d1,d2) ∈ Sb, we always have d2 > d1. Now we

linearize (4.19) at (θd1 ,0):⎧⎪⎪⎨⎪⎪⎩
d1��1 +�1(m − 2θd1) − c θd1�2 +λ�1 = 0 in�,

d2��2 +�2(m − b θd1) +λ�2 = 0 in�,

∂ν�1 = ∂ν�2 = 0 on∂�.

(L̃1)

Similarly as in Section 4.2, all eigenvalues λ of (L̃1) are real. Thus, if �2 �≡ 0, we then
have

λ≥ μ1(d2, m − b θd1)> 0

by Proposition 4.4(ii) and 1/d2 < λ1(m − bθd1).

If �2 ≡ 0, then, from the first equation in (L̃1), it follows that

λ≥ μ1(d1, m − 2θd1)>μ1(d1, m − θd1) = 0

by Proposition (4.4)(iv). This finishes the proof of the local stability of (θd1 ,0) for all
(d1,d2) in Sb , b > b∗.
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Next, the instability of (0,θd2) follows from standard arguments as in Section 4.2,
and we will be brief here. Linearizing (4.19) at (0,θd2) we have⎧⎪⎪⎨⎪⎪⎩

d1��1 +�1(m(x) − c θd2) +λ�1 = 0 in �,

d2��2 +�2(m(x) − 2θd2) − b θd2�1 +λ�2 = 0 in �,

∂ν�1 = ∂ν�2 = 0 on∂�.

(L̃2)

We claim that λ= μ1(d1,m − c θd2) is a negative eigenvalue of (L̃2).
First, observe that

λ= μ1(d1, m − c θd2)< μ1(d2, m − c θd2)<μ1(d2, m − θd2) = 0,

again by Proposition 4.4. Letting �1 be the first eigenfunction of the first equation in (L̃2),
we need to solve �2 from the second equation in (L̃2). But this follows readily from the
fact that

μ1(d2,m − 2θd2)> μ1(d2,m − θd2) = 0

and that λ = μ1(d1,m − c θd2) < 0. Thus (L̃2) has at least one negative eigenvalue λ =
μ1(d1,m − c θd2) and (0,θd2) is therefore unstable.

To finish the proof, we need to show that the system (4.19) does not have any coexis-
tence steady state; then the global stability of (θd1 ,0) follows from the theory of monotone
flow as before.

Lemma 4.8. Fix b ∈ (b∗,1). For any compact subset K ⊆ Sb, there exists δ > 0 such that
(4.19) has no coexistence steady state for (d1,d2) ∈ K and 0< c < δ.

Proof. Suppose for contradiction that such a δ > 0 does not exist. Then, there exists a
sequence (d (i)

1 ,d (i)
2 ) ∈ K , ci → 0 such that the system (4.19) has a coexistence steady state

(Ui , Vi ), where Ui > 0 and Vi > 0. By standard elliptic regularity estimates, Ui , Vi are
uniformly bounded in C2,α(�). Then, by passing to a subsequence if necessary, we may
assume that (d (i)

1 ,d (i)
2 ) → (d̂1, d̂2) ∈ K , ci → 0, and Ui , Vi → (Û , V̂ ) in C2,α(�) with⎧⎪⎪⎨⎪⎪⎩

d̂1�Û + Û (m(x) − Û) = 0 in�,

d̂2�V̂ + V̂ (m(x) − b Û − V̂ ) = 0 in�,

∂νÛ = ∂ν V̂ = 0, on∂�.

From the first equation, Û ≡ 0 or Û ≡ θd̂1
, by Theorem 4.1.

Case 1: Û ≡ 0.
This implies that Ui → 0 in C2,α(�). Integrating the first equation of (4.19) for

(Ui , Vi ), we have

0 ≥ −d (i)
1

∫
�

|∇Ui |2
U2

i

=
∫
�

(m(x) −Ui − ci Vi ) →
∫
�

m,

a contradiction, since m ≥ 0 and �≡ 0.
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Case 2: Û ≡ θd̂1
.

Then V̂ satisfies{
d̂2�V̂ + V̂ (m(x) − b θd̂1

− V̂ ) = 0 in �,

∂ν V̂ = 0 on ∂�.

Since (d̂1, d̂2) ∈ K , d̂2> 1
/
λ1(m −b θd̂1

), which implies that V̂ ≡ 0, i.e., Vi → 0 in C2,α(�).
Setting Ṽi = Vi

/‖Vi‖L∞(�) and sending i → ∞, we have

d̂2�Ṽ + Ṽ (m − b θd̂1
) = 0

(by passing to a subsequence if necessary), where Ṽ > 0 since ‖Ṽ ‖L∞(�) = 1. This guar-
antees that d̂2 = 1

/
λ1(m − b θd̂1

), a contradiction, and our proof is complete. �

Comparing Lou’s theorem to Theorem 4.5, we see that Lou’s theorem, while not con-
taining the phenomenon in Theorem 4.5, still seems general, as it allows more flexibilities.
An unfortunate fact is that it requires c to be small, while in Theorem 4.5, c = 1. In a recent
paper [LmN2], the following result is obtained.

Theorem 4.9. For any ε > 0, there exists a δ = δ(ε) > 0 such that for b ∈ (1 − δ,1), c ∈
[0,1 ], ε < d1 <

1
ε
, and d2 > d1 + ε, (θd1, 0) is globally asymptotically stable.

In particular, when ε→ 0 in Theorem 4.9, the phenomenon “Slower diffuser always
prevails!” (Theorem 4.5) is a limiting case.

It also seems interesting to note that the competition coefficient c in the result above
could be bigger than b!

Lam and Ni [LmN2] also has the following result, complementing Theorem 4.9.

Theorem 4.10. For any b,c ∈ (0,1), there exists an ε > 0 such that if |d1 − d2|< ε, then
there exists a unique positive (coexistence) steady state (U∗, V∗) of (4.19), where U∗ > 0
and V∗ > 0. Moreover, (U∗, V∗) is globally asymptotically stable; and, as d1,d2 → d > 0,

(U∗, V∗) → 1

1 − bc
(1 − c,1 − b)θd.

Theorems 4.7, 4.9, and 4.10 together seem to illustrate the important and delicate
role of the diffusion. (See Figure 4.2.)

The proof of Theorem 4.10 consists of two steps. First, for the special case d1 =
d2 = d , we establish the existence and uniqueness of a coexistence steady state (U∗, V∗),
U∗ > 0, V∗ > 0, and the instability of the two semitrivial steady states (θd1 ,0) and (0,θd2).
Then, Theorem 4.10, in the special case, follows from the theory of monotone flow.

Next, we show the local stability of the coexistence steady state (U∗, V∗) when d1 =
d2 = d , which implies, by the Implicit Function theorem, the existence of a coexistence
steady state for d1 �= d2, but both are close to d . The general case of Theorem 4.10 then
follows from the following lemma, whose proof is omitted here.

Lemma 4.11. For any b,c ∈ (0, 1), there exist two small positive numbers ε, r such that
(4.19) has no coexistence steady states in Br (S) in H1(�), where S = (0,0), (θd1 ,0), or
(0,θd2), if |d1 − d2|< ε.



4.4. Weak Competition in Heterogeneous Environment 81

Figure 4.2.

In proving Theorem 4.9 we need to show that, for the parameters b, c, d1, d2 in the
ranges specified, (4.19) has no coexistence steady states. To this end, a result similar to
Lemma 4.11 is obtained. In addition, a shadow system is treated since now d2 could tend
to ∞.

To conclude this chapter, we consider the following special case:⎧⎪⎪⎨⎪⎪⎩
Ut = d1�U +U (m(x) −U − bV ) in�× (0,∞),

Vt = d2�V + V (m(x) − bU − V ) in�× (0,∞),

∂νU = ∂νV = 0 on∂�× (0,∞),

where b = 1 − δ, δ > 0 small. Here, U and V are two “equal” competitors, in some sense,
except for their dispersal rates. Then Theorem 4.9 above of Lam and Ni [LmN2] indicates
that, with d2 > 0 fixed, the species U does not seem to fare better as d1 decreases from d2
to 0, especially when d1 is very small. In fact, from the arguments presented in this section,
it is not hard to see that (θd1 ,0) is indeed unstable for d1 sufficiently small!



Chapter 5

Beyond Diffusion: Directed
Movements, Taxis, and
Cross-Diffusion

The logistic equation and the Lotka–Volterra competition system have been around
for a long time, and adding diffusion terms seems only the first step while considering spa-
tial effects. In reality, few species disperse completely randomly, and it seems reasonable to
assume that individuals could detect and respond to some of the environmental cues (e.g.,
changes in resources or population pressure) and thereby exhibit various directed/biased
movements or taxis.

A basic equation in population dynamics is

ut = ∇ · [d∇u ± u∇ψ(E(x , t))] + f (x ,u),

where u represents the population density, d > 0 is the dispersal rate, ψ is increasing, and
E reflects environmental influences that could also depend on u. Note that the first term
here is diffusion, while the second term represents the “directed movements” or “taxis.”
Examples for ψ include

ψ(E) = k E , k log E , or
k Em

1 + a Em
,

where k,a,m are positive constants. When the positive sign in front of the term u∇ψ(E(x , t))
is used, we refer to the movement as “negative taxis.” When the negative sign is adopted,
we have a “positive taxis.”

In this chapter, we will discuss several examples in this direction. In the first exam-
ple, we continue to explore the “Slower diffuser always prevails!” phenomenon studied in
Chapter 4, but in a different direction; namely, we shall assume that one of the two compet-
ing species has some “intelligence” now—it can move up along the gradient direction of
the resource term m(x). This was first proposed by Belgacem and Cosner [BC] for single
equations and then by Cantrell, Cosner, and Lou for competition systems [CCL1].

Our second example again deals with the classical Lotka–Volterra competition sys-
tems, but now in a homogeneous environment. Following Shigesada, Kawasaki, and Ter-
amoto [SKT], we consider a cross-diffusion system modeling segregation phenomena of
two competing species, which takes into account the interspecific population pressures—
an example of “negative taxis.”

83
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The third example is the well-known Keller–Segel chemotaxis system modeling the
aggregation stage in the reproduction of cellular slime molds when the environment is poor
in resources. This example illustrates the effects of “positive taxis.”

In the three examples above, only the first one involves spatial inhomogeneity ex-
plicitly, while in the second and third examples, in addition to the (random) diffusion,
convection terms appear naturally, but the systems remain autonomous. A common feature
in all these examples is that they all lack variational structures; that is, none of them is the
Euler–Lagrange equation of a variational functional. In many ways, this makes them more
interesting and challenging.

5.1 Directed Movements in Population Dynamics
When the environment is spatially inhomogeneous, we have seen the interesting phe-

nomenon that the slower diffuser always prevails in the competition of two otherwise
identical species with random dispersals. In the last chapter, to better understand this
phenomenon, we studied the interaction between the dispersal rates and the competition
abilities in spatially inhomogeneous environments. In this section, we return to this phe-
nomenon but pursue in a different direction.

Since few species disperse completely randomly, in this section, we shall assume,
between the two competing species U and V , that the species U has the ability of moving
up along the gradient of the resource term m(x), while for comparison purposes V is still
assumed to disperse randomly. Therefore, U and V satisfy the following system—first
proposed by Cantrell, Cosner, and Lou [CCL1] based on an earlier single equation model
by Belgacem and Cosner [BC]:⎧⎪⎨⎪⎩

Ut = ∇ · (d1∇U −αU∇m) +U (m(x) −U − V ) in�× (0, T ) ,

Vt = d2�V + V (m(x) −U − V ) in�× (0, T ) ,

d1∂νU −αU∂νm = 0 = ∂νV on∂�× (0, T ) ,

(5.1)

where T ≤ ∞, m(x) �≡ Constant is again assumed to be nonnegative for simplicity, and α ≥
0 measures the strength of the “directed” movement of U . Many fundamental properties
of (5.1) have been obtained in the two important papers [CCL1, CCL2]. In this section we
will describe recent progress on this interesting system.

5.1.1 Single Equations

The system (5.1) again has two semitrivial steady states (θd1,α,0) and (0,θd2), where
θd1,α is the unique positive solution of{ ∇ · (d1∇u −αu∇m)+ u(m(x) − u) = 0 in �,

d1∂νu −αu∂νm = 0 on ∂�,
(5.2)

and θd2 is defined as in Theorem 4.1 (with the subindex m suppressed). The fact that (5.2)
has a unique positive stable solution, for every d1 > 0,α ≥ 0, is proved in [BC], [CL].

Furthermore, under a suitable hypothesis on m(x), the solution θd1,α exhibits spike-
layer concentration phenomena as α→ ∞.
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Again, to facilitate our needs for the competition system (5.1), we need to consider a
slightly more general single equation than (5.2), namely,{

ut = ∇ · (d∇u −αu∇h)+ u(h(x) − u) in �× (0, T ),

d∂νu −αu∂νh = 0 on ∂�× (0, T ),
(5.3)

where α ≥ 0 and h is positive somewhere in �; i.e., {x ∈ � |h(x)> 0} is nonempty. Then
Belgacem and Cosner [BC] showed the following.

Theorem 5.1. Suppose that h(x) is positive somewhere in�. Then, for every α sufficiently
large, (5.3) has a unique positive steady state θd ,α which is globally asymptotically stable
among nonnegative nonzero solutions.

Thus the existence, uniqueness, and global stability of the positive steady state of
(5.3) hold for quite general h.

In [CCL2], Cantrell, Cosner, and Lou showed that if the set of all critical points of h
has Lebesgue measure 0, then the unique steady state θd ,α→ 0 in L2(�) as α→ ∞. Based
on this fact, the following conjecture was proposed in [CCL2].

Conjecture. The concentration set of θd ,α, as α→ ∞, is precisely the set of all positive
local maximum points of h(x).

This conjecture was recently established under an additional hypothesis on h by Lam
[Lm1]:

(H1) h ∈ C3(�), ∂νh ≤ 0 on ∂�, and h is positive somewhere in �.

(H2) h has only finitely many local maximum points on �, all being strict local maxima
and located in the interior of �.

(H3) �h(x0)> 0 if x0 ∈� is a local minimum or a saddle point of h.

Letting H be the set of all positive strict local maximum points of h in�, Lam [Lm1]
showed the following.

Theorem 5.2. Let θd ,α be the unique positive steady state of (5.3).

(i) For each x0 ∈ H and any ball Br (x0) centered at x0 with radius r ,

liminf
α→∞ sup

Br (x0)
θd ,α ≥ h(x0).

(ii) Assume in addition that (H1), (H2), and (H3) hold. Then, for any compact subset
K ⊆�\H, there exists a constant γ = γ (K ) such that for all x ∈ K

θd ,α(x) ≤ e−γ α.

In particular, θd ,α → 0 uniformly and exponentially in K as α→ ∞.
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The profile of θd ,α can be determined for α large as well. In the case n = 1, this
was obtained by Lam and Ni [LmN1], inspired by the work of Chen and Lou [CnL] on the
system.

Theorem 5.3. Let � = (−1,1). Suppose that (H1) holds and that all critical points of h
are nondegenerate. Then, for any r > 0 small and x0 ∈ H, we have, as α→ ∞,

(i) θd ,α → 0 uniformly and exponentially in �\ ⋃
x∈H

(x0 − r , x0 + r );

(ii)
∥∥∥θd ,α−√

2h(x0)eα[h(x)−h(x0)]/d
∥∥∥

L∞(x0−r , x0+r)
→ 0.

The proof of Theorem 5.3 is lengthy but elementary. The starting point is the follow-
ing formula obtained by integrating the equation in (5.3):

θd ,α(x)

θd ,α(xα)
= exp

[
α

d
(h(x) − h(xα)) − 1

d

∫ x

xα

1

θd ,α(z)

(∫ z

−1
θd ,α(h − θd ,α)

)
dz

]
(5.4)

for any x , xα ∈ (−1,1). Thus the profile of θd ,α is determined if the integral in (5.4) is small.
This follows from a careful estimate of the length of the set

{x ∈ (−1,1)
∣∣θd ,α(x)> α−k}

(i.e., where θd ,α is not too small) for various exponents k > 0.
The multidimensional version of Theorem 5.3 was recently obtained by Lam [Lm2]

using a different method.

Theorem 5.4 (see [Lm2]). Suppose that H ⊆ � and that (H1) and (H3) hold. Assume
further that all critical points of h are nondegenerate. Then, as α→ ∞, for any fixed r > 0,

(i) θd ,α → 0 uniformly and exponentially on any compact subset K ⊆� \H;

(ii) ‖θd ,α−√
2nh(x0)eα[h(x)−h(x0)]/d‖L∞(βr (x0)) → 0.

Lam’s proof consists of two main ingredients: an L∞-estimate of θd ,α for all α large
(i.e., independent of α large), and a Liouville-type theorem for the limiting equation near
x0 ∈ H.

For the uniform L∞-estimate of θd ,α, we first integrate the equation in (5.3) to obtain∫
�

θ2
d ,α =

∫
�

h θd ,α. (5.5)

Then applying the Harnack inequality to (5.3) in the neighborhood BR/
√
α(x0), x0 ∈ H,

and estimating θd ,α carefully in the three subsets BR/
√
α(x0), Br (x0) \ BR/

√
α(x0), and � \

Br (x0) separately, we get from (5.5) that(
sup
�

θd ,α

)2

≤ C1 sup
�

θd ,α+ C2,

where the constants C1, C2 are independent of α large. Now the uniform bound for θd ,α
follows immediately.



5.1. Directed Movements in Population Dynamics 87

Next, near each x0 ∈ H, rescale the variables in (5.3) as follows:

x = x0 + y

√
d

α
and w = eα[h(x)−h(x0)]u;

then w satisfies

∇ ·
(

deα[h(x)−h(x0)]/d∇w
)

+ u(h − u)
d

α
= 0,

which converges to

∇ ·
(

e
1
2 yT D2h(x0)y∇w

)
= 0, y ∈ R

n , (5.6)

as α→ ∞, where D2h(x0) is the Hessian matrix of h at x0 ∈ H and yT is the transpose of
y.

Lam’s Liouville-type theorem for (5.6) reads as follows.

Theorem 5.5. Every nonnegative weak solution w ∈ W 1,2
loc (Rn) of (5.6) is a constant.

In general, some kind of asymptotic behavior is needed for such Liouville-type re-
sults to hold; see, e.g., [BCN2]. We refer interested readers to [Lm2] for a detailed proof
of Theorem 5.5.

5.1.2 Systems

When d1 < d2 and α is small, U still wipes out V in (5.1); i.e., (θd1,α, 0) is globally
asymptotically stable for U (x ,0) ≥ 0, �≡ 0—slower diffuser still prevails! [CCL1].

When d1 = d2, the situation becomes delicate, as the system (5.1) becomes degener-
ate when d1 = d2 and α = 0; that is, the steady states of (5.1) now form a one-parameter
family {(βθd , (1 − β)θd)

∣∣ 0 ≤ β ≤ 1}, where d = d1 = d2. (The proof is left as an exer-
cise for interested readers.) Very interesting and delicate results in this direction have been
obtained by [CCL1, CCL2].

Here we shall focus on the case α > 0 large. Again the first set of interesting results
is due to [CCL2]. In particular, they showed the following.

Theorem 5.6. Suppose that (in addition to the hypothesis that m(x) ≥ 0, �≡ Constant)

(M1) the set of all critical points of m has measure 0;

(M2) there exists x0 ∈� such that m(x0) = max�m is a strict local maximum.

Then, for any d1,d2 > 0, (5.1) has a stable coexistence steady state (Uα, Vα), Uα > 0,
Vα > 0, for α large.

In fact, Cantrell, Cosner, and Lou proved much more in [CCL2]—they showed that
under (M1) and (M2), the semitrivial steady states (θd1,α,0) and (0,θd2) are unstable for α
large, and one always has coexistence for α large. Furthermore, for any coexistence steady
state (Uα, Vα), it always holds that

Uα → 0 in L2(�) and Vα ⇀ θd2 in H2(�)
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as α→ ∞. Based on this result, they proposed the following.

Conjecture. Under (M1) and (M2), (5.1) has a unique coexistence steady state (Uα , Vα)
which is globally asymptotically stable, and, as α→ ∞, Uα concentrates at all local max-
imum points of m(x) in �.

For the rest of this section, we will always assume that (M1) and (M2) hold. In
[CnL] important progress was made when m has a unique critical point in � which is a
nondegenerate global maximum point.

Theorem 5.7 (see [CnL]). Suppose that m has a unique critical point x0 in � which is a
nondegenerate global maximum point of m on � and that ∂νm ≤ 0 on ∂�. Let (Uα, Vα) be
a coexistence steady state of (5.1). Then, as α→ ∞,

(i) Vα → θd2 in C1,β (�);

(ii)
∥∥∥Uα(x)exp

[
− α

2d1
(x − x0)T D2m(x0)(x − x0)

]
− 2

n
2
[
m(x0) − θd2(x0)

] ∥∥∥
L∞(�)

→ 0.

The factor 2
n
2 [m(x0) − θd2(x0)] comes from the integral constraint∫

�

Uα (m − Vα−Uα) = 0

and the profile of Uα

Uα(x) ∼ exp

[
α

2d1
(x − x0)T D2m(x0)(x − x0)

]
near x0.

For general m(x), in the one-dimensional case n = 1, using the result Theorem 5.3 for
single equations, the profile of Uα in the Conjecture was obtained by Lam and Ni [LmN1].
It is convenient to let M be the set of all local maximum points of m on �.

Theorem 5.8. Suppose that � = (−1,1), ∂νm ≤ 0 on ∂�, and M ⊆ � and that all local
maximum points of m in M are nondegenerate. Let (Uα , Vα) be a coexistence steady state
of (5.1). Then, as α→ ∞,

(i) Vα → θd2 in C1,β (�);

(ii) for any x0 ∈ M and any r > 0 small∥∥∥∥Uα(x) − max
{√

2(m − θd2)(x0),0
}

exp

[
α

2d1
m′′(x0)(x − x0)2

]∥∥∥∥
L∞(Br (x0)

→ 0;

(iii) for any compact subset K ⊆�\M, Uα → 0 uniformly and exponentially on K .

Theorem 5.8 shows that the conjecture above needs to modify slightly, as Uα will
not survive at those local maximum points of m where m ≤ θd2! In other words, local
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maximum points of m could serve as “traps” for Uα if θd2 is greater than or equal to m
there! (And, it is easy to see that sometimes there are such points.) (See Figure 5.1.)

U

V

m(x)

“trap”

Figure 5.1.

It is interesting to observe that for α large, Vα behaves as if Uα didn’t exist—indeed,
Uα → 0 in L p as α→ ∞.

The proof of Theorem 5.8 follows that of Theorem 5.3 and is different from that of
Theorem 5.7 in [CnL].

Likewise, using Theorem 5.4, Lam [Lm2] succeeded in extending Theorem 5.8 to
the multidimensional case under a slightly stronger hypothesis.

Theorem 5.9. Suppose that ∂νm ≤ 0 on ∂�, M ⊆ �, and all critical points of m are
nondegenerate. Furthermore, assume that�m(x0)> 0 for every saddle point x0 of m. Let
(Uα, Vα) be a coexistence steady state of (5.1). Then, as α→ ∞,

(i) Vα → θd2 in C1,β(�);

(ii) for any x0 ∈ M and any r > 0 small∥∥∥∥Uα(x)− max
{

2
n
2 (m − θd2)(x0),0

}
exp

[
α

2d1
(x − x0)T D2m(x0)(x − x0)

]∥∥∥∥
L∞(Br (x0))

→ 0;

(iii) for any compact subset K ⊆�\M, Uα → 0 on K uniformly and exponentially.

The condition (M2) can be removed; see [CnHL, Lemmas 6.4 and 6.5]. The case
when (M1) does not hold is very interesting and, in fact, seems important and worth pursu-
ing.

5.1.3 Other Related Models

A more recent model developed by [CCL3] proposes a mathematical formulation of
the concept “ideal free distribution.” More precisely, in a one-species single equation case,
it takes the following form:{

ut = ∇ · [d∇u −αu∇(m − u)] + u(m −u) in �× (0, T ),

d∂νu −αu∂ν(m − u) = 0 on ∂�× (0, T ),
(IFD)
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where again the resource term m(x) is nonconstant, and T ≤ ∞. The basic idea here is that
the species u can sense the magnitude of the “available” resources m(x) − u and move up
its gradient. In [CCL3], among other things, the following remarkable result is obtained:
Suppose that m ∈ C2,β (�) and m > 0 in �. Then, for every α large, (IFD) has a unique
positive solution uα, which is globally asymptotically stable, and uα → m in C2(�) as
α→ ∞.

In other words, as α→ ∞, the species u tends to distribute itself to match perfectly
the resources m(x) on �.

It seems natural to ask how such a species would fare under competition. This
amounts to solving a cross-diffusion system, and it seems that so far little is known in
this direction.

5.2 Cross-Diffusions in Lotka–Volterra Competition
System

For autonomous single equations, diffusion is generally regarded as a trivializing
process. This is no longer the case for autonomous 2 × 2 reaction-diffusion systems, as
we have seen in the activator-inhibitor system mentioned in Chapter 3, in which the gap
of the diffusion rates forces the system to create strikingly nontrivial spike-layer solutions.
However, for this to happen, reaction terms are essential as well. In Section 4.3, we have
seen that the classical Lotka–Volterra competition system⎧⎪⎨⎪⎩

Ut = d1�U +U (a1 − b1U − c1V ) in �× (0,∞),

Vt = d2�V + V (a2 − b2U − c2V ) in �× (0,∞),

∂νU = ∂νV = 0 on ∂�× (0,∞),

(5.7)

where all constants ai , bi , ci , and di , i = 1,2, are positive and U , V are nonnegative, pos-
sesses no nonconstant steady state, no matter what d1,d2 are, in the weak competition case,
i.e., if

B > A > C , (5.8)

where A = a1/a2, B = b1/b2, C = c1/c2.
It seems not entirely reasonable, even in the homogeneous environment, to assume

that individuals only move around randomly. In particular, it seems reasonable to take into
consideration the population pressures created by the competitors while modeling segre-
gation phenomena for two competing species. In this direction, Shigesada, Kawasaki, and
Teramoto [SKT] proposed in 1979 the following model:⎧⎪⎨⎪⎩

Ut =� [(d1 +ρ11U +ρ12V )U ]+U (a1 − b1U − c1V ) in �× (0, T ),

Vt =� [(d2 +ρ21U +ρ22 V )V ] + V (a2 − b2U − c2V ) in �× (0, T ),

∂νU = ∂νV = 0 on ∂�× (0, T ),

(5.9)

where ρ12 and ρ21 represent the interspecific population pressures, ρ11 and ρ22 denote the
intraspecific population pressures, and all are assumed to be nonnegative. Here in this
chapter, for simplicity we shall focus mostly on the case that the “self-diffusions”ρ11 =
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ρ22 = 0, i.e., the cross-diffusion system

⎧⎪⎨⎪⎩
Ut =� [(d1 +ρ12V )U ]+U (a1 − b1U − c1V ) in �× (0, T ),

Vt =� [(d2 +ρ21U )V ]+ V (a2 − b2U − c2V ) in �× (0, T ),

∂νU = ∂νV = 0 on ∂�× (0, T ).

(5.10)

It is worth noting that even local existence (in time) for (5.9) or (5.10) is highly nontrivial
and was resolved in a series of long papers of Amann [A1, A2] around 1990.

Considerable work has been done on the global existence (in time) of (5.9) under var-
ious hypotheses. However, almost all of them require that at least one of the self-diffusion
rates ρ11, ρ22 be positive (in order to “control” the cross-diffusion coefficients ρ12 and ρ21)
and therefore do not apply to the cross-diffusion system (5.10). To this date, only three
small instances of progress have been reported in the literature concerning the global ex-
istence of (5.10). First, Kim [Km] in 1984 stated that in n = 1, if d1 = d2, then solutions
of (5.10) (with nonnegative initial values U (x ,0) and V (x ,0)) exist for all t > 0. (Those
solutions were proved to be bounded by Shim [Sh] in 2002.) Second, Deuring [D] in 1987
showed global existence for solutions of (5.10) with small initial values. Finally, in 1998,
for n ≤ 2, it was proved by [LNW] that if ρ21 = 0, then all solutions of (5.10) exist globally
in time t > 0. The global existence of (5.10) remains an outstanding open problem 30 years
after the system was first proposed.

We now turn to the effect of cross-diffusion on steady states. To illustrate the signif-
icance of cross-diffusions, we again go to the weak competition case (i.e., B > A > C)
since in this case (5.10) has no nonconstant steady states if both ρ12 = ρ21 = 0. (We refer
readers to [Hu] for some interesting discussions on the ecological significance of coexis-
tence, “competition-exclusion,” and weak/strong competitions. One point of view is that
whether “competition-exclusion” holds in nature is a matter of interpretation. See [Wm].)
Recent work of Lou and Ni [LN1, LN2] shows that, indeed, if one of the two cross-diffusion
rates, say ρ12, is large, then (5.10) will have nonconstant steady states, provided that d2
belongs to a proper range. On the other hand, if both ρ12 and ρ21 are small, then (5.10)
will have no nonconstant steady states under the condition (5.8). This shows that cross-
diffusion does seem to help create patterns.

In the “strong competition” case, i.e., B < A < C , even the situation of steady state
solutions of (5.7) becomes more interesting and complicated and is not completely un-
derstood. Nonetheless, cross-diffusion still has similar effects in helping to create more
nontrivial patterns of (5.10). We refer interested readers to [LN1, LN2] for details.

So far in this section, we have only touched upon the existence and nonexistence
of nonconstant steady states. It seems natural and important to ask if we can derive any
qualitative properties (such as the spike layers in Chapter 3) of those steady states. Our
first step in this direction is to classify all the possible (limiting) steady states as one of the
cross-diffusion pressures tends to infinity.

Theorem 5.10 (see [LN2]). Suppose for simplicity that ρ21 = 0. Suppose further that
B �= A �= C, n ≤ 3, and a2

d2
�= λk for all k, where λk is the kth eigenvalue of � on � with

zero Neumann boundary data. Let (U j , Vj ) be a nonconstant steady state solution of (5.10)
with ρ12 = ρ12, j . Then, by passing to a subsequence if necessary, either (i) or (ii) holds as
ρ12, j → ∞, where
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(i) (U j ,
ρ12, j

d1
Vj ) → (U , V ) uniformly, U > 0, V > 0, and⎧⎪⎨⎪⎩

d1� [(1 + V )U ]+U (a1 − b1U ) = 0 in �,

d2�V + V (a2 − b2U ) = 0 in �,

∂νU = ∂νV = 0 on ∂�;

(5.11)

(ii) (U j , Vj ) → ( ζ
w

,w) uniformly, ζ is a positive constant, w > 0, and⎧⎪⎪⎪⎨⎪⎪⎪⎩
d2�w+w(a2 − c2w) − b2ζ = 0 in �,

∂νw = 0 on ∂�,∫
�

1

w

(
a1 − b1ζ

w
− c1w

)
= 0.

(5.12)

The proof is quite lengthy. The most important step in the proof is to obtain a priori
bounds on steady states of (5.10) that are independent of ρ12.

We ought to remark that both systems (5.11) and (5.12) possesses spike-layer solu-
tions. For instance, using a suitable change of variables, the equation in (5.12) may be
transformed into (3.1) with ε2 = d2 and p = 2. Thus our results in Section 3.1 apply. Per-
haps we ought to point out that, in fact, what is important is the ratio of cross-diffusion
versus diffusion ρ12/d1 in which d1 can also vary. A deeper classification result is obtained
in [LN2] as ρ12 → ∞ in (5.10) in terms of various possibilities of ρ12/d1 and d1. To see
how (3.1) turns up in (5.12), at least heuristically, we proceed as follows. Formally, setting

ζ = U∗V∗ and w = V∗ −ϕ, (5.13)

where (U∗, V∗) is the constant coexistence steady state given by (4.11), we have

d2�ϕ− (c2V∗ − b2U∗)ϕ+ c2ϕ
2 = 0. (5.14)

Rescaling (5.14) we obtain (3.1), provided that

c2V∗ − b2U∗ > 0,

which is equivalent to {
1
2 (B + C)> A if B > A > C ,
1
2 (B + C)< A if B < A < C .

Note that in (5.13) we need w > 0, or V∗ > ϕ. In n = 1 this is guaranteed by

A >
1

4
(B + 3C).

Under these conditions, our results in Section 3.1 imply that (5.14) has spike-layer solutions
for d2 small. Observe that those solutions tend to 0 as d2 → 0 except at isolated points.
Let ϕ be, e.g., the solution of (3.1) guaranteed by Theorem 3.3. Then the pair (w,U∗V∗)
satisfies the differential equation with the homogeneous Neumann boundary condition in
(5.12), and it almost satisfies the integral constraint in (5.12) since w is close to V∗ a.e. for
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d2 small. It is then not hard to find a solution, for d2 small, near the pair (w,U∗V∗) by the
Implicit Function theorem, as was done in [LN2].

Although (5.11) is still an elliptic system, it is a bit easier to analyze than the original
one. We refer interested readers to [LN2, Section 5] for details.

It turns out that both alternatives (i) and (ii) in Theorem 5.10 occur under suitable
conditions. Therefore, to understand the steady states of (5.10) a good model would be
(5.11) or (5.12), at least when ρ12 is large. In the work of Lou, Ni, and Yotsutani [LNY],
we were able to achieve an almost complete understanding of the “shadow” system (5.12)
for n = 1 (and� is an interval, say, (0,1)). To illustrate our results, we include the following
theorems.

Theorem 5.11. Suppose B < C. Then (5.12) does not have any nonconstant solution if
either one of the following two conditions holds:

(i) d2 ≥ a2/π
2;

(ii) A ≤ B.

Theorem 5.12. Suppose B < C. Then (5.12) has a nonconstant solution if d2 < a2/π
2

and A ≥ (B + C)/2.

The case d2 < a2/π
2 and B < A < (B + C)/2 is more delicate—existence holds for

d2 closer to a2/π
2, while nonexistence holds when d2 is near 0.

The behavior of solutions is also obtained for d2 close to one of the two endpoints, 0
or a2/π

2.

Theorem 5.13.

(i) As d2 → a2/π
2, (w,ζ ) → (0,0) in such a way that

ζ

w
→ a2(1 +μ)

2[μ+ (1 −μ) sin2(πx/2)]

uniformly on [0,1], where μ= (2A/B) − 1 − 2
√

(A/B)2 − (A/B) ∈ (0,1].

(ii) As d2 → 0, we have

(α) if A < B+3C
4 , then

ζ → a2
2(B − A)(A − C)

b2c2(B − C)2 ,

w(0) → 2
a2

c2

A − (B + 3C)/4

B − C
,

w→ a2

c2

B − A

B − C
on (0,1];

(β) if A ≥ B+3C
4 , then ζ → 3

16
a2

2
b2c2

, w(0) → 0, and w→ 3a2
4c2

on (0, 1].
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It seems interesting to note that the limits in (β) above are independent of a1, b1, c1.
Our method of proof here is a bit unusual: we convert the problem of solving (w,ζ )

of (5.12) to a problem of solving its “representation” in a different parameter space. This
is done first without the integral constraint in (5.12). Then we use the integral constraint
to find the “solution curve” in the new parameter space as the diffusion rate d2 varies.
This method turns out to be very powerful, as it gives fairly precise information about the
solution.

Of course, our ultimate goal is to be able to obtain the steady states of (5.10) from our
knowledge of the simpler limiting system (5.11) or (5.12). This turns out to be possible, at
least in the one-dimensional case �= (0,1), as the next two results show. (For simplicity,
we shall assume that ρ21 = 0 in the next two theorems.)

Theorem 5.14 (see [LN2]). Suppose that A > B. There exists a small d∗ > 0 such that
for any d2 ∈ (0,d∗), we can find a large d̃ > 0 such that if d1 ≥ d̃ is fixed, then there exists
a large α > 0 such that if ρ12 > α, (5.10) has a nonconstant positive steady state (U , V ),
with (U ,ρ12V ) → (Ū , V̄ ) uniformly in [0,1] as ρ12 → ∞, where (Ū , V̄ ) is a nonconstant
positive solution of (5.11).

Theorem 5.15 (see [LN2]). Suppose that d1 > 0 is fixed and that either A ∈ ( 1
2 (B +

C), ( 1
4 B + 3

4 C)) or A ∈ (( 1
4 B + 3

4 C), 1
2 (B + C)). There exists a small d∗ > 0 such that for

d2 ∈ (0,d∗), we can find a large α > 0 such that if ρ12>α, (5.10) has a nonconstant positive
steady state (U , V ) with (U , V ) → ( ζ

w
,w) as ρ12 → ∞, where w > 0 and nonconstant and

(w,ζ ) is a solution of (5.12).

The proofs of Theorems 5.14 and 5.15 involve careful analysis of the linearized sys-
tems of (5.11) and (5.12) at their nonconstant positive solutions.

Very recently, great progress was made by Yotsutani [Y]—the delicate remaining
cases are resolved and a complete understanding of (5.12) for n = 1 is achieved.

Finally, we mention that stability analysis of the steady states obtained in this section
is generally quite delicate and difficult. Excellent progress in this direction has been made
by Wu [Wu].

5.3 A Chemotaxis System
Chemotaxis is the oriented movement of cells in response to chemicals in their en-

vironment. Cellular slime molds (amoebae) are one such example—they release a certain
chemical, c-AMP, move toward its higher concentration, and eventually form aggregates.
Letting U (x , t) be the population of amoebae at place x and at time t , and V (x , t) be the
concentration of this chemical, Keller and Segel [KS] proposed the following model to
describe the chemotactic aggregation stage of amoebae:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Ut = d1�U −χ∇ · [U∇ψ(V )
]

in �× (0, T ),

Vt = d2�V − aV + bU in �× (0, T ),

∂νU = 0 = ∂νV on ∂�× (0, T ),

U (x ,0) = U0(x), V (x ,0) = V0(x) in �,

(5.15)
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where the constants χ ,a, and b are positive. Examples for the “sensitivity function” ψ
include ψ(V ) = kV , k logV , and kV 2/(1 + V 2), where k > 0 is a constant. There have
been many other models proposed by various authors over the years; we shall mention
only (5.15), as our purpose here is just to introduce systems in this direction to interested
readers.

A large amount of work has focused on the linear case ψ(V ) = kV , and much is
known in this case, at least for the low spatial dimensions, n = 1 or 2. The mathematical
phenomena exhibited here are rich, from nontrivial steady states to blow-up dynamics.

For the logarithmic case ψ(V ) = k logV , Nagai and Senba [NS] recently proved
global existence for a modified parabolic-elliptic system in case n = 2. Observe that in
(5.15) the total population is always conserved; that is, for all t > 0 we have∫

�

U (x , t)dx ≡
∫
�

U0(x)dx .

Therefore to study the steady states of (5.15) for the case ψ(V ) = log V we consider the
following elliptic system:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

d1�U −χ∇ · (U∇ log V ) = 0 in �,

d2�V − aV + bU = 0 in �,

∂νU = 0 = ∂νV on ∂�,
1

|�|
∫
�U (x)dx = Ū (prescribed).

(5.16)

With p = χ/d1, it is not hard to show that U = λV p for some constant λ > 0. Thus, setting
ε2 = d2/a, μ= (bλ/a)1/(p−1), and w = μV , we see that w satisfies (3.1), i.e.,{

ε2�w−w+wp = 0 in �,

∂νw = 0 on ∂�,
(5.17)

and our previous results for (3.1) apply. To obtain a solution pair for (5.16) from a solution
of (5.17), simply set

U = Ū |�|wp∫
�w

p
and V = V̄ |�|w∫

�w

with V̄ = bŪ/a. In this way, we obtain spike-layer steady states for the chemotaxis system
(5.16) when d2/a is small and 1< χ/d1 <

n+2
n−2 (= ∞ if n = 1,2). Although many believe

the particular steady state corresponding to the “least-energy” solution of (3.1) is stable, its
proof has thus far eluded us.
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